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Abstract.  The problem of reliably certifying the outcome of a computation
performed by a quantum device is rapidly gaining relevance. We present two
protocols for a classical verifier to verifiably delegate a quantum computation to two
non-communicating but entangled quantum provers, with statistical soundness. Our
protocols have near-optimal complexity in terms of the total resources employed by
the verifier and the honest provers, with the total number of operations of each party,
including the number of entangled pairs of qubits required of the honest provers,
scaling as O(g log g) for delegating a circuit of size g. This is in contrast to previous
protocols, whose overhead in terms of resources employed, while polynomial, is far
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beyond what is feasible in practice. Our first protocol requires a number of rounds
that is linear in the depth of the circuit being delegated, and is blind, meaning
neither prover can learn the circuit or its input. The second protocol is not blind, but
requires only a constant number of rounds of interaction.

Our main technical innovation is an efficient rigidity theorem that allows a verifier
to test that two entangled provers perform measurements specified by an arbitrary
m-qubit tensor product of single-qubit Clifford observables on their respective
halves of m shared EPR pairs, with a robustness that is independent of m. Our two-
prover classical-verifier delegation protocols are obtained by combining this rigidity
theorem with a single-prover quantum-verifier protocol for the verifiable delegation
of a quantum computation, introduced by Broadbent (Theory of Computing, 2018).

ACM Classification: F.1.3, G.3
AMS Classification: 68Q15, 81P68

Key words and phrases: quantum computing, quantum interactive proofs, delegated computa-
tion, nonlocal games

1 Introduction

Quantum computers hold the potential to speed up a wide range of computational tasks (see,
for example, [31]). Recent progress towards implementing limited quantum devices has added
urgency to the already important question of how a classical verifier can test a quantum device.
This verifier could be an experimentalist running a new experimental setup; a consumer who
has purchased a purported quantum device; or a client who wishes to delegate some task
to a quantum server. In all cases, the user would like to exert some form of control over the
quantum device. For example, the experimentalist may think that she is testing that a particular
experiment prepares a certain quantum state by performing a series of measurements, i. e., by
state tomography, but this assumes some level of trust in the measurement apparatus being
used. For a classical party to truly test a quantum system, that system should be modeled in
a device-independent way, having classical inputs (e. g., measurement settings) and classical
outputs (e. g., measurement results).

Tests of quantum mechanical properties of a system first appeared in the form of Bell tests
[4, 10]. In a Bell test, a verifier asks classical questions to a quantum-device and receives
classical answers. These tests make one crucial assumption on the system to be tested: that it
consists of two spatially isolated components that are unable to communicate throughout the
experiment. One can then upper bound the value of some statistical quantity of interest subject
to the constraint that the two devices do not share any entanglement. Such a bound is referred
to as a Bell inequality. While the violation of a Bell inequality can be seen as a certificate of
entanglement, the area of self-testing, first introduced in [27], allows for the certification of much
stronger statements, including which measurements are being performed, and on which state.
Informally, a robust rigidity theorem is a statement about which kind of apparatus, quantum state
and measurements, must be used by a pair of isolated devices in order to succeed in a given
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statistical test. Following a well-established tradition, we will refer to such tests as games, call
the devices players (or provers), and the quantum state and measurements that they implement
the strategy of the players. A rigidity theorem is a statement about the necessary structure of
near-optimal strategies for a game.

In 2012, Reichardt, Unger and Vazirani proved a robust rigidity theorem for playing a
sequence of n CHSH games [37]. Aside from its intrinsic interest, this rigidity theorem had
two important consequences. One was the first device-independent protocol for quantum
key distribution. The second was a protocol whereby a completely classical verifier can test
a universal quantum computer consisting of two non-communicating devices. The resulting
protocol for delegating quantum computations has received a lot of attention as the first classical-
verifier delegation protocol. The task is well-motivated: for the foreseeable future, making use
of a quantum computer will likely require delegating the computation to a potentially untrusted
cloud service, such as that provided by IBM [8].

Unfortunately, the complexity overhead of the delegation protocol from [37], in terms of both
the number of EPR pairs needed for the provers and the overall time complexity of the provers
as well as the (classical) verifier, while polynomial, is prohibitively large. Although the authors
of [37] do not provide an explicit value for the exponent, in [20] it is estimated that their protocol
requires resources that scale like Q(g%192), where g is the number of gates in the delegated circuit
(notwithstanding the implicit constant, this already makes the approach thoroughly impractical
for even a 2-gate circuit!). The large overhead is in part due to a very small (although still inverse
polynomial) gap between the completeness and soundness parameters of the rigidity theorem;
this requires the verifier to perform many more Bell tests than the actual number of EPR pairs
needed to implement the computation, which would scale linearly with the circuit size.

Subsequent work has presented significantly more efficient protocols for achieving the same,
or similar, functionality [28, 17, 20]. We refer to Table 1 for a summary of estimated lower
bounds on the complexity of each of these results (these estimates were computed in [20]). Prior
to our work, the best two-prover delegation protocol required resources scaling like g2*® for
delegating a g-gate circuit. Things improve significantly if we allow for more than two provers,
however, the most efficient multi-prover delegation protocols still required resources that scale
as at least Q(g*log g) for delegating a g-gate circuit on 1 qubits. Since we expect that in the
foreseeable future most quantum computations will be delegated to a third-party server, even
such small polynomial overhead is unacceptable, as it already negates the quantum advantage
for a number of problems, such as quantum search.

The most efficient classical-verifier delegation protocols known [13, 14, 35], with poly(n)
and 7 provers, respectively, require resources that scale as O(g?), but this efficiency comes at
the cost of a technique of “post-hoc” verification. In this technique, the provers must learn
the verifier’s input even before they are separated, so that they can prepare the history state
for the computation.! As a result, these protocols are not blind?. Other articles such as [21],

1Using results of Ji [24], this allows the protocol to be single-round. Alternatively, the state can be created by a
single prover and teleported to the others with the help of the verifier, resulting in a two-round protocol.

2Blindness is a property of delegation protocols, which informally states that the prover learns nothing about the
verifier’s private circuit.
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Provers Rounds Total Resources Blind
RUV 2012 [37] 2 poly(n) > g% yes
McKague 2013 [28] poly(n) poly(n) > 213422 yes
GKW 2015 [17] 2 poly(n) > g% yes
HPDF 2015 [20] poly(n) poly(n)  ©(g*logyg) yes
Verifier-on-a-Leash Protocol (Section 4) | 2 O(depth) ©(glogg) yes
Dog-Walker Protocol (Section 5) 2 o) O(glogyg) no

Table 1: Resource requirements of various delegation protocols in the multi-prover model. We
use 711 to denote the number of qubits and g the number of gates in the delegated circuit. “depth”
refers to the depth of the delegated circuit. “Total Resources” refers to the gate complexity
of the provers, the number of EPR pairs of entanglement needed, and the number of bits of
communication in the protocol. To ensure fair comparison, each protocol is required to produce
the correct answer with probability 99%. For all protocols except our two new protocols, this
requires a polynomial number of sequential repetitions, which is taken into account when
computing the total resources.

achieve two-prover verifiable delegation with complexity that scales like O(g*log g), but in
much weaker models; for example, in [21] the provers’ private system is assumed a priori to be
in tensor product form, with well-defined registers. General techniques are available to remove
the strong assumption, but they would lead to similar large overhead as previous results.

In contrast, in the setting where the verifier is allowed to have some limited quantum power,
such as the ability to generate single-qubit states and measure them with observables from a small
finite set, efficient schemes for blind verifiable delegation do exist [2, 15, 32, 7, 22, 33, 14, 16, 34]
(see also [12] for a recent survey). In this case, only a single prover is needed, and the most
efficient single-prover quantum-verifier protocols can evaluate a quantum circuit with g gates with
resources scaling as O(g) (e.g., [7]). The main reason these protocols are much more efficient
than the classical-verifier multi-prover protocols is that they avoid the need for directly testing
any of the qubits used by the prover, instead requiring the trusted verifier to directly either
prepare or measure the qubits used for the computation.

Recently, another model has been considered where the classical verifier delegates her
quantum computation to a single quantum prover [25, 18]. The protocols proposed in this
setting are computationally secure, i.e., the security of the protocol rests on the assumption that
the prover cannot solve an (expected to be) hard problem for quantum computers (specifically,
the Learning with Errors problem).

New delegation protocols. Inthisarticle, we propose verifiable two-prover delegation protocols
that overcome the prohibitively large resource requirements of all previous multi-prover
protocols. We describe two new two-prover classical-verifier protocols in which the complexity
(in terms of number or EPR pairs used and time) of verifiably delegating a g-gate quantum
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circuit solving a BQP problem scales as O(g log 7).

We achieve our protocols by adapting the efficient single-prover quantum-verifier delegation
protocol introduced by Broadbent [7] (we refer to this as the “EPR protocol”), which has the
advantage of offering a direct implementation of the delegated circuit, in the circuit model
of computation and with very little modification needed to ensure verifiability, as well as an
elegantly simple and intuitive analysis.

Our first protocol is blind, and requires a number of rounds of interaction that scales linearly
with the depth of the circuit being delegated. The second protocol is not blind, but only requires
a constant number of rounds of interaction with the provers. Our result is the first multi-prover
delegation protocol to require only a quasilinear amount of resources, in terms of number of
EPR pairs and time. However, notwithstanding our improvements, a physical implementation
of verifiable delegation protocols remains a challenging task for the available technology.

The idea at the heart of our protocols is that they provide methods to delegate the quantum
computation performed by the quantum verifier in Broadbent’s EPR protocol [7] to one of the
two provers (call him PV for Prover V). This is achieved via new robust rigidity tests which are
used to certify that the two provers share many EPR pairs, and indeed PV performs the same
actions as the honest verifier on her half EPR pairs. These actions are sequences of single-qubit
measurements of Clifford observables from the set & = {X,Y,Z,F,G} (where F and G are
defined in (2.2)). The other prover (which we call PP for Prover P) is then asked to play the role
of Broadbent’s prover. Soundness of our two-prover protocols is then the result of soundness of
Broadbent’s EPR protocol, together with our rigidity results. *

New rigidity results. We overcome existing efficiency limitations by introducing a new robust
rigidity theorem. Our theorem allows a classical verifier to certify that two non-communicating
provers apply a measurement associated with an arbitrary m-qubit tensor product of single-qubit
Clifford observables on their respective halves of m shared EPR pairs. This is the first result to
achieve self-testing for such a large class of measurements. The majority of previous articles
in self-testing have been primarily concerned with certifying the state and were limited to
simple single-qubit measurements in the X-Z plane. Prior self-testing results for multi-qubit
measurements only allow one to test for tensor products of ox and oz observables. While this is
sufficient for verification in the post-hoc model of [13, 14], testing for ox and 0z observables does
not directly allow for the verification of a general computation (unless one relies on techniques
such as process tomography [37], which introduce substantial additional overhead).

Our first contribution is to extend the “Pauli braiding test” of [35] (which allows one to test
tensor products of ox and oz observables with constant robustness) to allow for oy observables
as well. This is somewhat subtle due to an ambiguity in the complex phase that cannot be

3The log g overhead is due to the complexity of sampling from the right distribution in rigidity tests, which are
discussed next. We leave the possibility of removing this by derandomization for future work. Another source of
overhead is in achieving blindness: in order to hide the circuit, we encode it as part of the input to a universal circuit,
introducing a factor of O(log g) overhead.

4This idea can be understood more directly as employing rigidity tests to delegate to PV the preparation of the
random eigenstates required in Broadbent’s basic prepare-and-measure protocol in [7], thus enabling the classical
part of that protocol to be executed between PP and the classical verifier.
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detected by any classical two-player test; we formalize the ambiguity and show how it can
be effectively accounted for. Our second contribution is to substantially increase the set of
elementary gates that can be tested, to include arbitrary m-qubit tensor products of single-qubit
Clifford observables. This is achieved by introducing a new “conjugation test”, which tests how
an observable applied by the provers acts on the Pauli group. The test is inspired by general
results of Slofstra [39] which provide an approach to test that a set of observables satisfy some
algebraic relations (when acting on EPR pairs), but is substantially more direct.

A key feature of our rigidity results is that their robustness scales independently of the
number of EPR pairs tested, as in [35]. This is crucial for the efficiency of our delegation
protocols. The robustness for previous results in parallel self-testing, other than [35], had a
polynomial dependence on the number of EPR pairs tested. We give an informal statement of
our robust rigidity theorem.

Theorem 1.1 (Informal). Let m € Z.q. Let G be a fixed, finite set of single-qubit Clifford observables.
Then there exists an efficient two-prover test RIGID(G, m) with O(m)-bit questions (a constant fraction of
which are of the form W € G™) and answers such that the following properties hold:
o (Completeness) There is a strategy for the provers that uses m + 1 EPR pairs and succeeds with
probability at least 1 — e~ ™ in the test.
o (Soundness) For any ¢ > 0, any strategy for the provers that succeeds with probability 1 — ¢ in the
test must be poly(e)-close, up to local isometries, to a strategy in which the provers begin with
(m + 1) EPR pairs and is such that upon receipt of a question of the form W € G™ the prover
measures the “correct” observable W.

Although we do not strive to obtain the best dependence on ¢, we believe it should be
possible to obtain a scaling of the form C+/¢ for a reasonable constant C. We discuss the test in
Section 3. Next, we describe the two delegation protocols in a little more detail.

Verifier-on-a-Leash protocol. The first protocol, which we call Verifier-on-a-Leash Protocol, or
“Leash Protocol” for short, is divided into two subgames; which game is played is chosen by the
verifier by flipping a biased coin with appropriately chosen probabilities.

e The first game is a sequential version of the rigidity game ricip(Z, m), from Theorem 1.1
(this is described in detail in Figure 11). This aims to enforce that PV performs precisely
the right measurements;

e The second game is the delegation game (this is described in detail in Figures 12, 13, and 14,
and its structure is summarized in Figure 9). Here the verifier guides PP through the
computation in a similar way as in Broadbent’s EPR Protocol [7].

In the delegation game, the questions to PV are of all of the form W € X", where X =
{X,Y,Z,F, G}. The latter is the set of measurements performed by the verifier in Broadbent’s
EPR protocol. On the other hand, PP is asked to perform the same measurements as a prover in
Broadbent’s EPR protocol.

In the rigidity game, instead, the questions for PV come from a slightly larger set (which also
includes Bell basis measurements). However, crucially, a subset of these questions are of the form
W € ™, with the same distribution as in the delegation game. This ensures that, upon receiving
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a question of the form W € X, PV is not able to tell which of the two games is being played.
Hence, we can apply the rigidity result of Theorem 1.1 to guarantee the honest behavior of PV
in the delegation game. With the latter guarantee in hand, we can deduce that in the delegation
game, PP is constrained to behaving like an honest prover in Broadbent’s EPR protocol.

Overall, PV (who plays the role of the verifier in Broadbent’s EPR protocol) only needs to
perform products of single-qubit Clifford observables and Bell-basis measurements (universal
quantum computational power is not needed for this prover), while PP needs to behave like the
honest prover in Broadbent’s EPR protocol (this requires universal quantum computation).

The protocol requires 24 + 1 rounds of interaction, where d is the T-depth of the circuit being
delegated (this is the number of layers of T gates in the circuit - see Section 4.1 for a precise
definition). The protocol requires O(n + g) EPR pairs to delegate a g-gate circuit on n qubits,
and the overall time complexity of the protocol is O(g log g). The input to the circuit is hidden
from the provers, meaning that the protocol can be made blind by encoding the circuit in the
input, and delegating a universal circuit. However, blindness holds only as long as PV and PP
stay separated after the execution of the protocol. We note that using universal circuits incurs a
log n factor increase in the depth of the circuit [5].

The completeness of the protocol follows directly from the completeness of Broadbent’s EPR
protocol and of the rigidity game riGID(Z, 711). Once we ensure the correct behavior of PV using
our rigidity test, soundness follows from soundness of Broadbent’s protocol as well, since the
combined behavior of our verifier and an honest PV in the delegation game is nearly identical to
that of the verifier in Broadbent’s protocol.

Dog-Walker protocol. The second protocol, which we refer to as the Dog-Walker Protocol, also
starts from Broadbent’s protocol but modifies it in a different way to achieve a protocol that
only requires a constant number of rounds of interaction. The latter property is achieved by
leveraging the fact that, when the prover in Broadbent’s EPR protocol is honest, his actions
can be performed before the actions of the verifier. Thus the main difference between the Leash
Protocol and the Dog-Walker Protocol is that, in the latter, the classical verifier first obtains all of
PP’s measurement outcomes via one round of interaction. Then these outcomes are sent by the
verifier to PV, together with the input x of the computation (which is now communicated in the
clear). With these, PV is able to perform the required adaptive measurements without the need
to interact with the verifier any further. An additional rigidity test, which we refer to as the
Tomography test is necessary to enforce that PV performs the adaptive measurements honestly.
We skip for now the details on this new test, and we defer its presentation to the beginning of
Section 3 and its precise description to Section 3.6.

The proof of security is slightly more involved, but the key ideas are the same: we use a
combination of our new rigidity results and the techniques of Broadbent’s protocol to control
the two provers, one of which plays the role of Broadbent’s verifier, and the other the role
of the prover. Because of the more complicated “leash” structure in this protocol we call it
the Dog-Walker Protocol. Like the Leash Protocol, the Dog-Walker Protocol has overall time
complexity O(g log g). Unlike the leash protocol, the Dog-Walker protocol is not blind, since PV
simply receives the input in the clear.
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Based on the Dog-Walker Protocol, it is possible to design a classical-verifier two-prover
protocol for all languages in QMA. This is achieved along the same lines as the proof that QMIP
= MIP* from [37]. PV, given the input, creates the QMA witness and teleports it to PP with
the help of the verifier. The verifier then delegates the QMA verification circuit to the second
prover, as in the Dog-Walker Protocol. PV can then be re-used to verify the operations of PP.
The Dog-Walker Protocol enables this extension in a straightforward manner, since it can be
adapted to have PV decide the input to the computation. We notice that such a transformation
is not possible with the Leash protocol given that PP must know the input x in order to be able
to create the corresponding QMA witness.

We remark that the soundness of both the Leash Protocol and the Dog-Walker Protocol can
be amplified by sequential repetition. In particular, an arbitrarily low, but constant, soundness
error can be achieved in the Dog-Walker Protocol by repeating the protocol a constant number
of times, thus maintaining constant round-complexity (we refer to Section 6 for the details).

Subsequent work. Bowles et al. [6] have independently derived a variant of our rigidity test for
multi-qubit 0x, oy and oz observables in the context of entanglement certification protocols in
quantum networks. Their self-test result has a slightly smaller set of questions but significantly
weaker robustness bounds.

Grilo [19] presented a protocol for verifiable two-prover delegation of quantum computation
by a classical client with a single round of communication. Because of this single-round structure,
space-like separation can replace the non-communication assumption. The latter protocol is not
blind, and requires resources scaling as ((12g?) to delegate a circuit of g gates on 1 qubits.

Open questions and directions for future work. We have introduced a new rigidity theorem
and shown how it can be used to transform a specific quantum-verifier delegation protocol, due
to Broadbent, into a classical-verifier protocol with an additional prover, while suffering very little
overhead in terms of the efficiency of the protocol. We believe that a similar transformation could
be performed starting from delegation protocols based on other models of computation, such as
the protocol in the measurement-based model of [15] or the protocol based on computation by
teleportation considered in [37], and would lead to similar efficiency improvements.

Recently, [23] provided an experimental demonstration of a two-prover delegation protocol
based on [37] for a 3-qubit quantum circuit based on Shor’s algorithm to factor the number 15;
in order to obtain an actual implementation, necessitating “only” on the order of 6000 CHSH
tests, the authors had to make the strong assumption that the devices behave in an independent
and identically distributed (i.i. d.) manner at each use, and therefore the authors could not use
the most general testing results from [37]. We believe that our improved rigidity theorem could
lead to an implementation that does not require any additional assumptions. We also leave as
an open problem investigating whether (a variant of) our protocol can be made fault-tolerant,
making it more suitable for future implementation.

We note that our protocols require the verifier to communicate with one prover after at least
one round of communication with the other has been completed. Therefore, the requirement that
the provers do not communicate throughout the protocol cannot be enforced through space-like
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separation, and must be taken as an a priori assumption. The single-round protocol of [19], for
which non-communication can be enforced through space-like separation, is not blind. Hence,
it is an open question whether there exists a two-prover delegation protocol that consists of a
single round of simultaneous communication with each prover, and is both blind and verifiable.
We also wonder if the fact that blindness is compromised after the provers collude is unavoidable
in this model. A different avenue to achieve this is to rely on computational assumptions on
the power of the provers to achieve protocols with more properties (non-interactive, blind,
verifiable) [11, 3, 26, 25]. Unfortunately at the moment all such protocols suffer from a significant
overhead due to the use of the computational assumption; namely, a number of qubits that
scales at least as min(, g) times a polynomial in the security parameter.

Regarding blindness of the Leash protocol, our current proof does not say anything about
the possibility of the provers being able to increase their knowledge on the input given prior
side-information. This would be particularly important if the Leash protocol is composed with
other protocols. We leave as an open question if the blindness of the Leash protocol could be
proven using simulation-based security definitions, which would imply its composability.

Finally, due to its efficiency and robustness, our ridigity theorem is a potentially useful tool
in many other cryptographic protocols. For instance, an interesting direction to explore is the
possibility of exploiting our theorem to achieve more efficient protocols for device-independent
quantum key distribution, entanglement certification or other cryptographic protocols involving
more complex untrusted computation of the users.

Organization. In Section 2, we give the necessary preliminaries, including outlining Broad-
bent’s EPR Protocol (Section 2.4). In Section 3, we introduce our new rigidity theorems. In
Section 4, we present our first protocol, the leash protocol, and in Section 5, we discuss our
second protocol, the Dog-Walker Protocol (including the extension to a two-prover protocol for
QMA). In Section 6, we discuss the sequential repetition of our protocols.

Acknowledgments. We thank Anne Broadbent for useful discussions in the early stages of
this work. All authors acknowledge the IQIM, an NSF Physics Frontiers Center at the California
Institute of Technology, where this research was initiated. We also thank the anonymous
reviewers that helped us to improve the presentation of this manuscript.

2 Preliminaries

2.1 Notation

We often write X = (x1,...,x,) € {0,1}" for a string of bits, and W = Wy ---W,, € £ for a
string, where X is a finite alphabet. If S C {1, ..., m} we write Ws for the substring of W indexed
by S. For an event E, we use 1 to denote the indicator variable for that event, so 1 = 1if E is
true, and otherwise 1 = 0. We write poly(¢) for O(&€), where ¢ is a universal constant that may
change each time the notation is used.
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‘H is a finite-dimensional Hilbert space. We denote by U(H) the set of unitary operators,
Obs(H) the set of binary observables (we omit the term “binary” from here on; in this paper all
observables are binary) and Proj() the set of projective measurements on H. We let |[EPR)
denote an EPR pair:

|EPR) = % (100) + |11)).

Observables. We use capital letters X, Z, W, ... to denote observables. We use greek letters o,
T with a subscript ow, T, to emphasize that the observable W specified as subscript acts in a
particular basis. For example, X is an arbitrary observable but oy is specifically the Pauli X
matrix defined in (2.1).

For a € {0,1}" and commuting observables o, ..., ow,, we write ow(a) = [T (ow,)".
The associated projective measurements are {vai, ail,vi} where ow, = 08\/1- - 011,\,{ and {0}y tuefo,1)n
where o}y, = E,(=1)"“ow(a). Often the oy, will be single-qubit observables acting on distinct
qubits, in which case each is implicitly tensored with the identity outside of the qubit on which
it acts.

We recall the commutator notation [A, B] for AB + BA and anti-commutator notation {A, B}
for AB + BA, where A, B are linear operators on the same Hilbert space.

Pauli and Clifford groups. Let

10 01 0 —i 1 0
01—(0 1), aX—(l 0), oy—(i 0) and az—(o _1) (2.1)

denote the standard Pauli matrices acting on a qubit. The single-qubit Weyl-Heisenberg group
HO = H(Zz) = {1 ox(@)oz(b) : a,b,c € {0,1}}

is the matrix group generated by the Pauli 0x and o7. Welet H" = H (Z5) be the direct product
of n copies of HW. The n-qubit Clifford group is the normalizer of ™ in the unitary group,
up to phase:

G = {G e U((CY®"): GaGt e H™ Vo e H™].

Some Clifford observables we will use include

ox +0z ox — 0z —0x + Oy ox + 0y
oy= ———~, ogp=—=, Op=————, oO0g=—-—. (2.2)
V2 V2 V2 V2
Note that oy and o satisgy oxogox = o and 0z0g0z = —opr. Similarly, or and o¢ satisfy

0x0p0x = —0¢g and oyopoy = 0g.
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2.2 Concentration inequality

A supermartingale is a sequence of random variables {X}r>0 such that for all k > 0, X} >
E[Xk+1|X1,..., Xk]. We make use of the following formulation of the Azuma-Hoeffding
inequality. See, for example, [9, Section 6] and [30, Theorem 12.4]. The latter gives a proof for
martingales that also applies to supermartingales.

Theorem 2.1. Let { Xy }x>o be a real-valued supermartingale such that for every k € N, the condition
| Xk — Xk-1| < di holds almost surely, for some dx > 0. Then foranyn > 1and A > 0,

A? )
2 Vi

Pr(X, > Xp+A) < exp(—

2.3 Quantum circuits

We use capital letters in sans-serif font to denote gates. We work with the universal quantum
gate set {CNOT, H, T}, where the controlled-not gate is the two-qubit gate with the unitary action

CNOT|by, by) = |b1, b1 ® b2),

and the Hadamard and T gates are single-qubit gates with actions
HIb) = —= (10) + (-1)11)) and Tib) = *"/4}p),
V2

respectively. We will also use the following gates:
X|b) = [b®1), Z|by=(-1)"|b), and P|b) = i’|b).

Measurements in the Z basis (or computational basis) will be denoted by the standard measure-
ment symbol:

To measure another observable, W, we can perform a unitary change of basis Uy before the
measurement in the computational basis.

We assume that every circuit has a specified output wire, which is measured at the end
of the computation to obtain the output bit. Without loss of generality, we can assume this is
always the first wire. For an n-qubit system, we let ITj, for b € {0, 1}, denote the orthogonal
projector onto states with |b) in the output wire: |b)(b| ® Id. For example, the probability that a
circuit Q outputs 0 on input |X) is ||H0Q|55>||2.

We can always decompose a quantum circuit into layers such that each layer contains at
most one T gate applied to each wire. The minimum number of layers for which this is possible
is called the T depth of the circuit. We note that throughout this paper we will assume circuits
are compiled in a specific form that introduces extra T gates (see the paragraph on the H gadget
in Section 2.4). The T depth of the resulting circuit is proportional to the depth of the original
circuit.
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2.4 Broadbent’s EPR protocol

In this section we summarize the main features of a delegation protocol introduced in [7],
highlighting the aspects that will be relevant to understanding our subsequent adaptation into
two-prover protocols. The “EPR Protocol” from [7] involves the interaction between a verifier
VEpr and a prover Ppg- We write Pepr for the “honest” behavior of the prover. The verifier
VEpr has limited quantum powers. Her goal is to delegate a BQP computation to the prover
P} in a verifiable way. Specifically, the verifier has as input a quantum circuit Q on n qubits
and an input string ¥ € {0,1}", and the prover gets as input Q. The verifier and prover interact.
At the end of the protocol, the verifier outputs either accept or reject. The protocol is such that
there exist values psound and peompt With psound < Peompl such that peompl — Psound, called the

soundness-completeness gap, is a constant independent of input size, and moreover:

Completeness: If the prover is honest and ||H0Q|J?)||2 > 2/3, then the verifier outputs accept
with probability at least peompi;

Soundness: If ||HOQ|J?>||2 < 1/3, then the probability the verifier outputs accept is at most
Psound-

In the EPR protocol, Vepr and Pgpr are assumed to share (n + t) EPR pairs at the start of
the protocol, where t is the number of T gates in Q and n the number of input bits. The first
n EPR pairs correspond to the input to the computation; they are indexed by N = {1, ..., n}.
The remaining pairs are indexed by T = {n +1,...,n + t}; they will be used as ancilla qubits to
implement each of the T gates in the delegated circuit. In [7] the EPR protocol is only considered
in the analysis, and it is assumed that the EPR pairs are prepared by the verifier.

The behavior of Vepr depends on a run type randomly chosen by Vepr after her interaction
with Pepr. There are three possible run types:

e Computation run (r = 0): the verifier delegates the computation to Pgpg, and at the end of

the run can recover its output if Pppr behaves honestly;

o X-testrun (r = 1) and Z-test run (r = 2): the verifier tests that Prpr behaves honestly, and

rejects if malicious behavior is detected.
For some constant p, V chooses r = 0 with probability p, and otherwise chooses r € {1,2} with
equal probability. Since the choice of run type is made after the interaction with Pgpr, PEpr’s
behavior cannot depend on the run type. In particular, any deviating behavior in a computation
run is reproduced in both types of test runs. The analysis amounts to showing that any deviating
behavior that affects the outcome of the computation will be detected in at least one of the test
runs.

In slightly more detail, the high-level structure of the protocol is the following. Vgpr
measures her halves of the n qubits in N in order to prepare the input state on Ppr’s system. As
a result the input is quantum one-time padded with keys that depend on Vepr’s measurement
results. For example, in a computation run, Vepr measures each input qubit in the Z basis, and

gets some result d € {0,1}", meaning the input on Pgpr’s side has been prepared as xd |0)®". In
[7], the input is always considered to be 0, but we can also prepare an arbitrary classical input
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X € {0,1}" by reinterpreting the one-time pad key as d = d @ ¥ so that the input state on Pgpr’s
side is X?|¥). In a test run, on the other hand, the input is prepared as the one-time pad of either
|0)®" or |+)®". Note that as indicated in Figure 2 this choice of measurements will be made
after the interaction with Pgpr has taken place.

The honest prover Pepr applies the circuit Q, which we assume is compiled in the universal
gate set {H, T, CNOT}, to his one-time padded input. We will shortly describe gadgets that Prpr
can apply in order to implement each of the three gate types. The gadgets are designed in a way
that in a test run each gadget amounts to an application of an identity gate; this is what enables
VEpr to perform certain tests in those runs that are meant to identify deviating behavior of a
dishonest prover. After each gadget, the one-time padded keys can be updated by Vepr, who is
able to keep track of the keys at any point in the circuit using the update rules in Table 2.

Key Update Rule
CNOT (a]-,bj,a]-/,bj/)<—(a]-,b]-+bj/,a]-+ajr,bjr)
H (a]-,b]-)<—(b]-,aj)
Computation Run (aj,bj) < (aj+ci,bj+e;+aj+c;+(aj+ci)zi)
T |X-test, even parity; or Z-test, odd parity (aj,bj) < (e, 0)
Z-test, even parity; or X-test, odd parity (aj,bj) < (0,b; +e; +z;)

Table 2: Rules for updating the one-time-pad keys after applying each type of gate in the EPR
Protocol, in particular: after applying a CNOT gate controlled on the j-th wire and targeting the
j’-th wire; applying an H gate to the j-th wire; or applying the i-th T gate to the j-th wire.

We now describe the three gadgets, before giving a complete description of the protocol.

CNOT Gadget To implement a CNOT gate on wires j and j’, Prpr simply performs the CNOT
gate on those wires of his input qubits. The one-time pad keys are changed by the update
rule in Table 2, because CNOT - X%z @ X2 = X%Z"*'" @ X**% 7’7 - CNOT. Note that
CNQOT|0)]0) = |0)|0) and CNOT|+)|+) = |+)|+), so in the test runs, Pepr is applying the identity.

H Gadget To implement an H gate on wire j, Pepr simply performs the H on wire j, and the
one-time-pad keys are changed as in Table 2. Unlike CNOT, H does not act as the identity on
|0) and |+), so it is not the identity in a test run. To remedy this, assume that Q is compiled
so that every H gate appears in a pattern H(TTH)X, where k is odd. This can be accomplished
by replacing each H by HTTHTTHTTH, which implements the same unitary. In test runs, the T
gadget, described shortly, implements the identity, and since H(Id H)¥ for odd k implements the
identity, H(TTH)* will also have no effect in test runs.

Parity of a T Gate Within a pattern H(TTH)*, the H has the effect of switching between an
X-test run scenario (the state |0)) and a Z-test run scenario (the state |[+)). In order to consistently
talk about the type of a run while evaluating the circuit, we can associate a parity with each
T gate in the circuit. The parity of the T gates that are not part of the pattern H(TTH)* will be
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defined to be even. An H will always flip the parity, so that within such a pattern, the first two T
gates will be odd, the next two will be even, etc., until the last two T gates will be odd again.

T Gadget The gadget for implementing the i-th T gate on the j-th wire is performed on Pgpr’s
j-th input qubit, and his i-th auxiliary qubit (indexed by n + i), which we can think of as being
prepared in a particular auxiliary state by Vepr measuring her half of the corresponding EPR
pair, as shown in Figure 1. The gadget depends on a uniformly random bit z; that is chosen by
VEpr and sent to the prover.

A
>

Prover (PgpRr)

n+i

Verifier (Vepr)

Figure 1: The gadget for implementing the i-th T gate on the j-th wire. The gate Uy, implementing
the change of basis associated with observable W; is applied as part of the procedure V7, . (see
Figure 3b) and is determined by the run type 7, the parity of the i-th T gate, z;, ¢;, and 4’ (the
X-key going into the i-th T gate), as in Table 3.

The EPR protocol. We show how the gadgets just described are used in the complete protocol.
We first describe the protocol for Vepr below. For later convenience we have divided the action
of Vepr into classical actions and a single quantum subroutine VEPR depending on the run

type r.

The procedure V[, measures each of the n + f EPR halves according to some observable

PR
that depends on 7, ¢, and Z. In the case of a computation run, VSPR measures the qubits in T

adaptively. We describe the steps of Vipg, Vi pg and the honest behavior of Pppr in Fig. 3.
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Figure 2: This figure describes how different
pieces of the protocol fit together. Vepr and

7 € {0,1)! Pepr share n + t EPR pairs. The honest prover

Pepr canbe seen as a procedure that acts on n +¢

¢e{0,1}| Pepr qubits — the EPR pair halves — depending on

.. _cpefo,1} a t-bit string Z. We have separated the quantum
o j’ z part of Vgpr into its own procedure, called V;,,

where r € {0, 1,2} indicates the run type, which
VEpgr runs on her n + t EPR halves, and the 2t
bits ¢ and Z. Aside from running V[, Vepr is
classical.

r
VEPR

S ]

=
oy

VEPR

Uw, (observable W;)
a;®ci®zi =0 HT (observable G)
a;®ci @z =1 HPT (observable F)

even T gate Id (observable Z)

Computation Run

X-test Run z; =0 | H (observable X)
odd T gate z; =1 | HP (observable Y)

odd T gate Id (observable Z)

Z-test Run even T gate z; =0 | H (observable X)
zi =1 | HP (observable Y)

Table 3: The choice of Uy, in the T gadget. We also indicate the observable W; associated with
the final measurement W; = U;r,vl_Z Uw;,.

Completeness and soundness. We summarize the relevant part of the analysis of the EPR

protocol from [7]. First suppose Pepr behaves honestly. If ||H0Q |3?>||2 = p, then in a computation
run, Vepr outputs accept with probability p, whereas in a test run, Vgpr outputs accept with
probability 1. This establishes completeness of the protocol:

Theorem 2.2 (Completeness). Suppose the verifier executes the EPR Protocol, choosing r = 0 with

probability p, on an input (Q, |X)) such that HHOQ |J?>||2 > 1—0. Then the probability that Vepr accepts
when interacting with the honest prover Pgpg is at least (1 — p) + p(1 - 9).

The following theorem is implicit in [7, Section 7.6], but we include a brief proof sketch:

Theorem 2.3 (Soundness). Suppose the verifier executes the EPR Protocol, choosing r = 0 with

probability p, on an input (Q, |X)) such that ||H0Q|J?)||2 < 6. Let Pyp,p be an arbitrary prover such that
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Py is accepted by Vepr with probability q; conditioned on r # 0, and q. conditioned on r = 0. Then
the prover’s overall acceptance probability is pq. + (1 — p)q:, and

ge < 2(q:6+(1—gq)) - 0.

Proof sketch. Using the notation of [7], let E(p) = >x K« pKz be the Kraus decomposition of an
arbitrary attack performed by a malicious prover on the m-qubit state resulting from an honest
run of the protocol.> We write the k-th Kraus operator of E as a sum of Paulis Ky = ZQE,D(m) ag,0Q.

Finally, we define the set of benign attacks B ;,;, P(m) a5 the subset of Paulis containing I or Z
in the positions that are measured (in the computational basis) during the protocol.

Notice that the benign attacks do not affect the the acceptance of the protocol, and therefore
the value A = 3; Y o¢p, . |kQ |? can be interpreted then as the total weight on attacks that could
change the outcome of the computation. By [7], the probability of rejecting in a computation
runis 1 - gc > (1 - 6)(1 — A), whereas the probability of rejecting in a test runis 1 — q; > A.
Combining these gives q. < 2(:0 + (1 — q¢)) — 6. O

3 Rigidity

In this section we describe the main rigidity tests used in our delegation protocols. To present
the tests we adopt the terminology of “players” instead of “provers” and “referee” instead of
“verifier”, as this terminology is the standard one in the area of self-testing from which the
section borrows. Each of the tests consists of a two-message interaction between the referee and
the two players: first, a pair of questions is selected by the referee and each player is sent one
element of the pair. Second, each player responds to its question with an answer. Finally, the
referee decides to accept or reject the player’s answers in the test.

Our main test is called ricip(X, m) and it is described in Section 3.5. Here L denotes
the five-element set © = {X,Y,Z,F, G}. Each element of L is a label for the corresponding
single-qubit observable introduced in Section 2.1. The test is parametrized by an integer m
which denotes the number m of EPR pairs used by the players in the honest strategy. In the test,
with some constant probability either player is sent as question a string W chosen uniformly at
random from L. In these cases the honest player is expected to measure each qubit in the basis
indicated by W and return the m-bit string of outcomes obtained. In other cases, the player may
be asked to perform measurements in other bases, such as a measurement of pairs of qubits in
the Bell basis. These measurements are required to test that the player indeed performs the right
measurement when sent a basis from L™ (up to an isometry, as explained in Section 3.1 below).

In general a strategy for the players in any of the tests presented in this section consists of an
arbitrary entangled state [i)) € Ha ® Hg (which we take to be pure), and measurements (which

SNote that we can assume such behavior by the malicious prover without loss of generality since all measurements
can be performed coherently, with the first step of the attack undoing all honest operations.
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1. Vepr sends Z €g {0, 1} to Pepg, and receives back ¢ € {0,1} and cf € {0, 1}.

2. Vepr chooses a random run type r € {0,1,2} and runs V/,, (see Figure 3b) on ¥, ¢, Z and
on her EPR halves, to obtain bits @, b € {0,1}" and ¢ € {0, 1} .

3. Vepr applies the update rules from Table 2 on the initial keys (4, l;), gate-by-gate, to obtain,
for every i € [t], the X-key before the i-th T gate is applied, 4/, and the final X key for the
output wire, a}. If r = 1 (X-test run) and there exists an i such that the i-th T gate is even
and ¢; # a; @ e;, output reject. If r = 2 (Z-test run) and there exists an i such that the i-th T
gate is odd and ¢; # a’ ® e;, output reject. If r € {0, 1} (computation or X-test run) and

créd a} # 0, output reject. Otherwise, output accept.

(a) VEpr's point of view.

- -

Input: A circuit Q with ¢ T gates, ¥ € {0,1}", ¢, Z € {0,1}!, an n-qubit system indexed by N,
and a t-qubit system indexed by T.

1. If r € {0, 1}, measure each qubit in N in the Z basis, and otherwise measure in the X
basis, to get results d € {0,1}". If r =0, set (4,b) = (d ® X,0"); if r = 1, set (d,b) = (d,0");
and if r = 2 set (a,b) = (0", d).

2. Going through Q gate-by-gate, use the update rules in Table 2 to update the one-time-pad
keys. For every i € [t], when the i-th T gate is reached, let a’ be the X key before the i-th T
gate is applied. Choose an observable W; according to Table 3 in which to measure the
i-th qubit in T, corresponding to the i-th T gate, obtaining result e;.

(b) The procedure V[, employed by Vepr.

1. Receive Z € {0, 1} from Vgpg.

2. Evaluate Q gate-by-gate using the appropriate gadget for each gate. In particular, use z;
to implement the i-th T gadget, and obtain measurement result c;.

3. Measure the output qubit to obtain cf, and return cand c r to VEpr.

(c) Honest prover strategy Pepr

Figure 3: The EPR Protocol.
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we take to be projective) for each possible question.® This includes an m-bit outcome projective
measurement {W"}, (o 1y» for each of the queries W € L™, which we take to be identical for
both players (in Section 3.2 we justify why this is without loss of generality). Our rigidity result
states that for any strategy that succeeds with probability 1 — ¢ in the test, the measurements
associated with questions in =™ are within poly(¢) of the honest strategy, up to local isometries
and in the appropriate norm, which depends on the state shared by the players (see Theorem 3.1
for a precise statement). This is almost true, but for an irreconcilable ambiguity in the definition
of the complex phase V—1. The fact that complex conjugation of observables leaves correlations
invariant implies that no classical test can distinguish between the two nontrivial inequivalent
irreducible representations of the Pauli group, which are given by the Pauli matrices ox, oy, 0z
and their complex conjugates ox = 0x, 07 = 0z, 0y = —0y, respectively. In particular, the
players may use a strategy that uses a combination of both representations; as long as they
do so consistently, no test will be able to detect this behavior.” The formulation of our result
accommodates this irreducible degree of freedom by forcing the players to use a single qubit,
the (m + 1)-st, to make their choice of representation (so honest players require the use of (m + 1)
EPR pairs to test the operation of m-fold tensor products of observables from Zs).

Theorem 3.1 below summarizes the guarantees of our main test, RiGID(Z, ). Informally,
Theorem 3.1 establishes that a strategy that succeeds in riciD(Z, m) with probability at least
1 — € must be such that (up to local isometries):

e The players’ joint state is close to a tensor product of m EPR pairs, together with an
arbitrary ancilla register;

e The projective measurements performed by either player upon receipt of a query of the
form W € L™ are, on average over the uniformly random choice of W € X™, close to
a measurement that consists of first, measuring an ancilla register A or B to extract a
single bit that specifies whether to perform the ideal measurements or their conjugated
counterparts, respectively, and second, measuring the player’s m half-EPR pairs in either
the bases indicated by W, or their complex conjugates, depending on the bit obtained
from the ancilla register.

For an observable W € L, let o = o;\} - a;\,l be its eigendecomposition, where oy are the

“honest” Pauli matrices defined in (2.1) and (2.2). For u € {+1} let o}, , = oy}, for W € £, and

u — — — —Uu u — —Uu u — —Uu
0x,.=0x, 0Oz =0y, Oy =0y, Op =05, 0g_ =0g

’

(In words, gy, _ is just the complex conjugate of o},,.) We note that for the purpose of our
delegation protocols, we made a particular choice of the set I. The result generalizes to any
constant-sized set of single-qubit Clifford observables, yielding a test for m-fold tensor products
of single-qubit Clifford observables from X.

*We make the assumption that the players employ a pure-state strategy for convenience, but it is easy to check
that all proofs extend to the case of a mixed strategy. Moreover, it is always possible to consider (as we do) projective
strategies only by applying Naimark’s dilation theorem, and adding an auxiliary local system to each player as
necessary, since no bound is assumed on the dimension of their systems.

’See [38, Appendix A] for an extended discussion of this issue, with a similar resolution to ours.
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Theorem 3.1. Let ¢ > 0 and m an integer. Suppose that a strategy for the players succeeds with
probability 1 — ¢ in the test riGID(Z, m). For W € L™ and D € {A, B} let {W} },, be the measurement
performed by player D on question W. Let also |) be the state shared by the players. Then for D € {A, B}
there exists an isometry

Vb : Hp — (CZ)glm ® 7{5

and a state |aux);5 € H; ® Hzg such that

(V4 ® VB)$)as — [EPRY®" ® Jaux)zs||” = O(Ve) , (3.1)

and positive semidefinite matrices T, on A with orthogonal support, for A € {+, —}, such that Tr(7,) +
Tr(7-) = 1 and

Hyt

VB [vates(ada oW v Xy kstids eV
ue{0,1}m

mo Ui

-2 (@5 )en

Aef{z} i=1
= O(poly(e)). (3.2)

1

A symmetric relation holds with the roles of A and B exchanged. Moreover, players employing the honest
strategy succeed with probability 1 — e™"™) in ricID(X, m).

We give some intuition for (3.2). In the honest strategy for ricip(X, m), for any W € X
the {Wg'}c(0,1y» form a projective measurement on m qubits that consists in measuring the
i-th qubit in the eigenbasis of the observable ow, for i € {1,...,m}. Moreover, in the honest
strategy the state |{)ag consists of m EPR pairs shared between the players. Therefore, the
post-measurement state on Hy associated with the outcome u when {Wg'},,c(0,1)» is performed
on Hp is (without renormalization) ®i(%o;}i). In case the system A is trivial (1-dimensional)
and 7, =1, 7_ = 0, (3.2) states that the post-measurement state for any successful strategy is
close to the “ideal” post-measurement state. Informally the density matrices 7, which live
on Hj, represent a “phase ambiguity” already discussed prior to the theorem statement: the
malicious player B is allowed to use a strategy that is a mixture of two strategies, resulting in the
post-measurement state being a mixture of two post-measurement states, the “ideal” one (A = 1)
and the “phase-flipped” one (A = —1). Here it is important that 7, and 7_ have orthogonal, so
that there is no overlap between the two components. This ambiguity is unavoidable since no
test of the form considered here (that takes the form of a two-player one-round interaction) can
distinguish between Y and Y7, whose eigenvectors are swapped.

The statement of the theorem differs from more standard rigidity statements in providing
guarantees on the initial shared state as well as certain post-measurement states that can be
created by the players, as opposed to guarantees on the player’s observables. The motivation for
this is to write the theorem in a way that is easily usable in the other sections and in particular
the analysis of the leash protocol from Section 4.
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Before proceeding with the details we give an outline for the proof of Theorem 3.1. As
already mentioned the test to which Theorem 3.1 applies is denoted riGip(X, m). The goal of
this test is to rigidly enforce that each players measures m qubits in a basis indicated by a string
W € =™ when asked to do so, and reports the m-bit outcome.

The first ingredient to design the test ricID(Z, m) is an extension of the “Pauli braiding
test” from [35] to handle tensor products of not only ox and oz, but also oy Pauli observables.
This test is denoted peT(X, Y, Z) and described in Appendix A.4.3. The test would allow us to
conclude if we had © = {X, Y, Z}. It remains to develop the ability to test for the single-qubit
Clifford observables F and G as well as tensor products of them and X, Y, Z. Our strategy to do
this is the following.

e First we introduce a test for a player making use of a unitary R that conjugates Paulis
to Paulis in a prescribed way; for example we may test that RXR = —Y. Here we wrote
“makes use of” because the test does not directly access the unitary R, which need not be
a measurement observable (such as a binary observable). Instead the player is asked to

0 RY

R 0

for this test makes use of one more qubit than the number of qubits required to implement

R. Our test for conjugation is called cony-cLIFF(R) and described in Section 3.3. This test is

based on a more general conjugation test introduced in Section 3.2, which is not restricted

to Cliffords. Note that the test cony-cLiFr(R) directly tests for m-qubit Clifford observables

through their action on the m-qubit Clifford group, which can be tested using pe1(X, Y, Z).

measure according to the observable Xr = . As a consequence the honest strategy

e The test cony-cLIFF(R) allows us to test that a unitary respects the requisite conjugation
relations. However, this is not sufficient in general, as for example F and (—F) both have
the same action on the Pauli group. When testing for observables that are associated
with strings W € L™ we need to make sure that every time the symbol F appears it
is the “same” observable that is used, and not sometimes its opposite (which would
correspond to exchanging eigenvectors).® In Section 3.4 we introduce a test cLIFr(Z, m)
which removes such inconsistencies by implementing a swap test between the (supposedly)
same observable acting on different qubits. The swap test is realized by asking one player
to measure in the Bell basis and the other, for instance, to measure FF, and the results are
checked for consistency:.

e Finally in Section 3.5 the test riciD(X, m) is introduced. The only missing ingredient is to
test that all the F observables are indeed F as intended, and not all —F. For this we perform
tomography against the X and Z observables, which allows us to distinguish between the
two eigenstates of F, thereby lifting the remaining ambiguity (and similarly for G).

We start by introducing the language required to formulate our testing results.

8Here “same” is in quotes because the observables act on different qubits”
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3.1 Testing

In this section we recall the standard formalisms from self-testing, including state-dependent
distance measure, local isometries, etc. We also introduce a framework of “tests for relations”
that will be convenient to formulate our results.

3.1.1 Distance measures

Ultimately our goal is to test that a player implements a certain tensor product of single-qubit or
two-qubit measurements defined by observables such as ox, oy, or 0. Since it is impossible to
detect whether a player applies a certain operation X on state [i), or VXV on state V|¢), for
any isometry V : L(H) — L(H’) such that V'V = Id, we will (as is standard in testing) focus on
testing identity up to local isometries. Towards this, we introduce the following important piece
of notation:

Definition 3.2. For finite-dimensional Hilbert spaces HHa and Hu/, 6 > 0, and operators R € L(Ha)
and S € L(Hy') we say that R and S are 6-isometric with respect to |) € Ha ® Hg, and write
R =5 S, if there exists an isometry V : Ha — Hp such that

IR - Visv) e1ds |9)[* = O().

When R = {R,;} and S = {S,} are POVM with the same set of outcomes we write R, ~5 S, to
mean

DR = VFs.v) @ 1ds [9)]* = O(0).

If V is the identity, then we further say that R and S are 6-equivalent, and write R ~;s S for
(R = S)®1Idg [$)I* = O(5).

The notation R =5 S carries some ambiguity, as it does not specify the state |i)). The latter
should always be clear from context: we will often simply write that R and S are 0-isometric,
without explicitly specifying |i) or the isometry. The relation is transitive, but not reflexive: the
operator on the right will always act on a space of dimension at least as large as that on which
the operator on the left acts. The notion of 6-equivalence is both transitive (its square root obeys
the triangle inequality) and reflexive, and we will use it as our main notion of distance.

3.1.2 Strategies

Given a two-player game, or test, a strategy for the players consists of a bipartite entangled state
[) € Ha ® Hs together with families of projective measurements {W, } for Alice and {Wg} for
Bob, one for each question W that can be sent to either player in the test. (We often use the
same symbol, a capital letter X, Z, W, ..., to denote a question in the game and the associated
projective measurement {W*} applied by the player upon reception of that question.) Recall
that to a projective measurement with outcomes in {0, 1}" we associate a family of observables
W (u) parametrized by n-bit strings u € {0,1}", defined by W(u) = 3, (-1)**W*. If n =1 we
simply write W = W(1) = W% — W, note that W(0) = Id.
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As already mentioned, for convenience we restrict our attention to pure-state strategies
employing projective measurements. We will loosely refer to a strategy for the players as
(W, [1)), with the symbol W referring to the complete set of projective measurements used by
the players in the game.

3.1.3 Consistency tests

We formulate our tests as two-player games in which both players are treated symmetrically.
Specifically, when in a test we write “send one player the question X and the other the question
Y” we implicitly mean that the role of “first player” and “second player” have been assigned
at random, and moreover a player only gets told its question, not its “role” as assigned by the
referee. Taking advantage of this symmetry we often omit the subscript A or B, as all statements
involving observables for one player hold verbatim with the other player’s observables as well.

With the exception of the Tomography Test Tom presented in Section 3.6, all the games we
consider implicitly include a “consistency test” which is meant to enforce that whenever both
players are sent identical questions, they produce matching answers.® More precisely, let T
be any of the two-player tests described in the paper. Let Prr(W, W’) be the distribution on
questions (W, W’) to the players that is specified by T. Since the players are always treated
symmetrically, Prr(-, -) is permutation-invariant. Let Prr(-) denote the marginal on either player.
Then, instead of executing the test T as described, the verifier performs the following:

(i) With probability 1/2, execute T.

(ii) With probability 1/2, select a random question W according to Prr(W). Send W to both
players. Accept if and only if the players” answers are equal.

Then, success with probability at least 1 — ¢ in the modified test implies success with probability
at least 1 — 2¢ in the original test, as well as in the consistency test. If {W,} and {Wé’} are
the players’ corresponding projective measurements and |i)ag their shared state, the latter
condition implies

DIV @ Id—Id @Wa)[¥)asll? =2 -2 > (1 |as Wy © WalY)as
a a
< 4e, (3.3)

so that W) ® Id ~. Id ® WS (where the condition should be interpreted on average over the
choice of a question W distributed as in the test). Similarly, if Wa, Wpg are observables for the
players that succeed in the consistency test with probability 1 —2¢ we obtain Wa ® Id =, Id ® Wg.
We will often use both relations to “switch” operators from one player’s space to the other’s; as
a result we will also often omit an explicit specification of which player’s space an observable is
applied to.

9Here by a “test” we mean a named test, such as conj(A, B, R) or ac(X, Z). Since conj(4, B, R) uses ac(X, Z) as
a subroutine, both the named subtest ac(X, Z) and the named test conj(A, B, R) are endowed with an additional
consistency test.
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3.1.4 Relations

We use R to denote a set of relations over matrix variables X, Z, W, ..., such as
R ={XZXZ=-1d, HX = ZH, {X,Z,H} € Obs}.

Here the notation {X, Z, H} € Obs means that each of the symbols in {X, Z, H} satisfies the
pair of relations, {X = X, X? = 1d} (since we consider only binary observables) and similarly
for Z, H. Each relation implicitly imposes that the variables that appear in it have compatible
dimension, e.g., XZXZ = —Id imposes that X, Z have the same dimension. We only consider
relations that can be expressed in the form of one of the following equations:

o (—1)"Wp--- Wi = Id, where the W; are (not necessarily distinct) unitary variables and
a € Zy, or

e Wi-(3, a)aWZ”) = Id, where W is a unitary variable, {WZ“} a projective measurement with
s possible outcomes, and w, are (arbitrary) s-th roots of unity.

Here what we mean by “unitary variable” and “projective measurement” is that when saying
that a collection of matrices satisfies the relation, we always require that the matrices be unitary
and a projective measurement), resp.; if they are not then by definition they do not satisfy the
relation.

Definition 3.3 (Rigid self-test). We say that a set R of relations is (¢, 5(¢))-testable, on average
under the distribution D : R — [0, 1], if there exists a game (or test) G with question set Q such
that the following holds. The set Q includes (at least) a symbol for each variable in R that is
either an observable or a POVM. Moreover,

o (Completeness) There exists a set of operators which exactly satisfy all relations in R and a
strategy for the players which uses these operators for the questions in Q that correspond
to symbols appearing in the relations in R (together possibly with others for the additional
questions) that has success probability at least c;

o (Soundness) For any ¢ > 0 and any strategy (W, [i)4p) that succeeds in the game with
probability at least ¢ — ¢, the associated measurement operators satisfy the relations in
R up to 6(e). More precisely, on average over the choice of a relation f(W) = Id from R
chosen according to D, it holds that ||(f(W) — Id) ® Id [ )ag||*> < 6(¢).

If both conditions hold, we also say that the game G is a robust (c, 0(¢)) self-test for the set R of
relations.

Most of the games we consider have perfect completeness, ¢ = 1, in which case we omit
explicitly mentioning the parameter. The distribution O will often be implicit from context, and
we do not always specify it explicitly (e. g., in case we only measure 6(¢) up to multiplicative
factors of order |R| the exact distribution O does not matter as long as it has complete support).
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Definition 3.4 (Stable relations). We say that a set of relations R is 6(¢)-stable, on average
under the distribution D : R — [0, 1], if for any state |¢) € Ha ® Hp and families of operators
Wy € L(Ha) and Wp € L(Hg) that are consistent on average, i.e.,

Wk ||(Id eWs - W @ 1d)|p)||* < ¢,
where W €; f is shorthand for W being a uniformly random operator among those appearing
in the relation specified by f, and satisfy the relations on average, i.e.,

A {UARSS) oId|Y)|] < e,
FW)=IdeR

there exists operators W which satisfy the same relations exactly and are 0(¢)-isometric to the
W with respect to i), on average over the choice of a random relation in R and a uniformly
random W appearing in the relation, i. e., there exists an isometry V4 such that

Ak II(WA VaWa) @ 1d [ = O(8(e)).

3.2 The conjugation test

We give a test which certifies that a unitary (not necessarily an observable) conjugates one
observable to another. More precisely, let A, B be observables and R a unitary acting on the
same space H. The test conj(A, B, R) certifies that the players implement observables of the

form .
0 R A 0
XR = (R 0 ) and C= CA,B = (0 B) , (3.4)

such that moreover Xg and C commute. The fact that Xy is an observable implies that R is
unitary,’® while the commutation condition is equivalent to the relation RAR" = B. The test
thus tests for the relations

C{R,C} = {{Xg,C,X,Z} € Obs} U{XZ = -ZX} U{XgC = CXg, XpZ = -ZXg, CZ=ZC} .

Here the anti-commuting observables X and Z are used to specify a basis in which Xr and C
can be block-diagonalized. The anti-commutation and commutation relations with Z enforce
that Xz and C have the form described in (3.4). These relations are enforced using commutation
and anti-commutation tests that are standard in the literature on self-testing. For convenience,
we state those tests, com and ac, in Appendix A. The conjugation test, which uses them as
subtests, is given in Figure 4. Here, “Inputs” refers to a subset of designated questions in the
test; “Relation” indicates a relation that the test aims to certify; “Test” describes the certification
protocol. (Recall that all our protocols implicitly include a “consistency test”, not specified on

Note that R will not be directly accessed in the test, since by itself it does not necessarily correspond to a
measurement.
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the figure, in which a question is chosen uniformly at random from the marginal distribution
and sent to both players, whose answers are accepted if and only if they are equal. We use this
consistency test implicitly by analyzing only strategies that are symmetrig, i. e., both provers’
Hilbert spaces and measurement operators are identical.)

Test cony(A,B,R)

e Inputs: A, B, X, Z, Xg and C observables.
e Relations: C{R, C}, with R defined from Xy, and C related to A and B, as in (3.4).
o Test: execute each of the following with equal probability

(a) With probability 1/8 each, execute tests ac(X, Z), com(C, Z), com(Xg, C), ac(Xr, Z)
and com(A, X), com(B, X), com(A, Z), com(B, Z).

(b) Ask one player to measure A, B, C or Z (with probability 1/4 each), and the other to
jointly measure A or B (with probability 1/2 each) and Z. The first player returns one
bit, and the second two bits. Make an acceptance decision as follows:

— If the first player was asked C and the second player was asked (A, Z) then accept
unless the second player’s second answer bit is 0 and his first answer bit does not
match the first player’s;

— If the first player was asked C and the second player was asked (B, Z) then accept
unless the second player’s second answer bit is 1 and his first answer bit does not
match the first player’s;

— If the first player was asked A, B, or Z then accept if and only if his answer bit
matches the corresponding answer from the second player.

In all other cases, accept.

Figure 4: The conjugation test, conj(A, B, R).

Lemma 3.5. The test conj(A, B,R) is a (1, 6) self-test for the set of relations C{R, C}, for some
6 = O(+f€). Moreover, for any strategy that succeeds with probability at least 1 — ¢ in the test it holds
that C =5 A(Id +2)/2 + B(Id —Z) /2, where A, B, C and Z are the observables applied by the player on
receipt of a question with the same label.

Proof. Completeness is clear, as players making measurements on a maximally entangled state
on Ha ® Hg, tensored with an EPR pair on Ci, ® Cé, for the X and Z observables, and using
Xr and C defined in (3.4) (with the blocks specified by the space associated with each player’s
half-EPR pair) succeed in each test with probability 1.

We now consider soundness. Success in ac(X, Z) in part (a) of the test implies the existence of
local isometries V4, Vp such that Vs : Ha — H; ® Ci,, with X ~ 7 Idg ®ox and Z =~ ; Id; ®07.
By Lemma A.3, approximate commutation with both X and Z enforced by the tests com(A4, X),
coM(A, Z), com(B, X) and com(B, Z) implies that under the same isometry,

A=;Ai®ld and B=;B®ld, (3.5)
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for observables Aj, B on H;. Similarly, the parts of the test involving C and Xg imply that they
each have the block decomposition specified in (3.4). In particular, using the second part of
Lemma A.6 (with n = 1 and ¢ = 1, exchanging the roles of Z and X) anti-commutation of Xg
with Z certifies that Xg has a decomposition of the form

XR 2\/;Rx®dx+Ry®0y. (3.6)

Let R = (Rx + iRy)|Rx + iRy|™!, so that R is unitary. Note that since Xy is an observable,
XIZQ =1d.

and so it follows from (3.6) that (Rx + iRy)(Rx + iRy)" ® Id ~ /¢ Id. Thus R =7z Rx +iRy.
Similarly, using the first part of Lemma A.6 commutation of C with Z implies that

CﬁﬁC1®G[+C2®Gz, (3.7)

for Hermitian Cj, Cz such that C; = Cy are observables because C is an observable.

Next we analyze part (b) of the test. Let {W}7'} be the projective measurement applied by
the second player upon query (A, Z). Success with probability 1 — O(¢) conditioned on the
questions being C and (A, Z) item ensures that

[(WICo® (W), + W3, + WiL) + Cl e (W% + WO, + Wil )[y)| > 1-0C(e), (3.8)

and a similar condition holds for the case C and (B, Z), with Wpy instead of W4y .

Success with probability 1 — O(¢) in the case of questions A, B or Z and (A, Z) or (B, Z)
ensures consistency of {W;7} and {ng’zZ }, resp., with the observable A and B, resp., when
marginalizing over the second outcome, and Z when marginalizing over the first outcome.
Since A and B approximately commute with Z, using the decompositions for A and B derived
in (3.5) it follows that Waz = A ® oz and Wgy > Bi®oy.

Similarly regarding the observable C, using that we already showed in (3.7) that C is block-
diagonal in the basis specified by X and Z, (3.8) and Waz =~z A1 ® 07 gives (C? + C%) = A?
and (CI1 + C%) = A}. Using the analogous relations for Wgz we get (C; — Cz) =~/ Br. Thus
Cr =~ (A+B)/2and Cz =~ (A — B)/2. This shows the “Moreover” part of the lemma.

Finally, success in test com(Xg, C) certifies the approximate commutation relation [Xg, C] =
0, which, given the decomposition of Xz and C obtained so far, implies RA = BR, as
desired. O

3.3 Testing Clifford unitaries

Let m > 1be an integer, and R an m-qubit Clifford unitary. R is characterized, up to phase, by its
action by conjugation on the m-qubit Weyl-Heisenberg group. This action is described by linear
functions hs : {0,1}" x {0,1}"" — {0,1} and hx, hz : {0,1}™ x {0,1}" — {0, 1}" such that

Rox(a)oz(b)RY = (=1)s@V) gy (hx(a, b))oz(hz(a, b)), Va,b € {0,1}". (3.9)

Using that (ox(a)oz(b))' = (=1)*Yox(a)oz(b), the same condition must hold of the right-
hand side of (3.9), thus hx(a,b) - hz(a,b) = a-b mod 2. To any family of observables
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{X(a), Z(b), a,b € {0,1}"} satisfying the Pauli anti-commutation relations we associate, for
a,be{0,1}",

A(a,b) = i**X(a)Z(b),  B(a,b) =i""X(hx(a,b))Z(hz(a,b)), (3.10)
where the phase i*? is introduced to ensure that A(a, b) and B(a, b) are observables. Define X
in terms of R, and C(a, b) in terms of A(a, b) and B(a, b), as in (3.4). The Clifford conjugation
test aims to test for the conjugation relation XgrA(a, b)X;g = B(a, b), for all (in fact, on average
over a randomly chosen) (a,b). For this, we first need a test that ensures A(a, b) and B(a, b)
themselves have the correct form, in terms of a tensor product of Pauli observables. Such a
test was introduced in [35], where it is called “Pauli braiding test”. The test certifies the Pauli
relations

PUX, Y, 7} = {W(a) €Obs : We{X,Y,Z}", ae {0,1}’”}
U {W(a)W'(a') = (-D)HEWEWiraiai=LIW (s YW (a) : W, W’ € {X,Y,Z}", a,a’ € {0, 1}'"}

U {W(a)W(a') “W(a+a): We{X,Y,Z)", a,a € {o,1}m}.

The Pauli braiding test, which is due to [35], allows to test for tensor products of ox and oz
Pauli observables. We recall the test in Appendix A.4.1. In Appendix A.4.3 we extend the test to
include Pauli oy. We refer to the extended test as pB1(X, Y, Z). For the extended test we can
show the following; see Appendix A.4.3 for the proof.

Lemma 3.6. Suppose |¢) € Ha ® Hg and W(a) € Obs(Ha), for W € {X,Y,Z}" and a € {0,1}",
specify a strategy for the players that has success probability at least 1 — ¢ in the extended Pauli
braiding test pBT(X,Y, Z) described in Figure 32. Then there exist a state |aux),gs and isometries

Vp : Hp — ((CH®™)py ® ﬁb,for D € {A, B}, such that
2
[(Va ® Vi)l)as — [EPRYG [aux)z5]” = O(Ve),
and on expectation over W € {X,Y, Z}™",

E

sy W) - Vi(ow(a) ® Aw(a))Va) ® Idg [0)|* = O(We), (3.11)

where Aw(a) = [1; A% € Obs(H}) are observables with Ax = Az = 1d and Ay an arbitrary observable

on H 1. Moreover, similar conditions hold on the B systems and
2
[Ay ® Aylaux) — Jaux)|[" = O(Ve) ,
where as usual we use the same label for an observable acting on registers A or B.
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Building on the Pauli braiding test and the conjugation test from the previous section, the
Clifford conjugation test conj-cLIFR(R) described in Figure 5 provides a test for the set of relations
Tns gy AR} = PU"{X,Y,Z} U{R € U} U {Ay € Obs}
U {RX(a)Z(b)R" = AP X (hx(a,))Z(h7(a, b)) : a,b € {0,1}"}
U {AyX(a) = X(a)Ay, AyZ(b) = Z(b)Ay : a,b € {0,1}"}. (3.12)

Note the presence of the observable Ay, which arises from the conjugation ambiguity in the
definition of Y (see Lemma 3.6).

Test cony-cLIFr(R):

e Input: R an m-qubit Clifford unitary. Let ks, hx, hz be such that (3.9) holds, and
A(a,b),B(a, b) the observables defined in (3.10).

o Relations: Ji, ny,n, {R} defined in (3.12).
o Test: execute each of the following with equal probability

(a) Execute test pBT(X,Y, Z) on (m + 1) qubits, where the last qubit is called the “control”
qubit;

(b) Selecta,b € {0,1}" uniformly at random. Let C(a, b) be the observable defined from
A(a,b) and B(a, b) in (3.4), with the block structure specified by the control qubit.
Execute test conj{A(a, b), B(a,b), R}. In the test, to specify query A(a, b) or B(a,b),
represent each as a string in {I, X, Y, Z}" (omitting the additional phase i, which is
applied by the prover but not specified explicitly on the query label) and use the
same label as for the same query when it is used in part (a).

Figure 5: The Clifford conjugation test, conj-cLIFF(R).

Lemma 3.7. Let R be an m-qubit Clifford unitary and hs, hx, hz such that (3.9) holds. Suppose a
strategy for the players succeeds with probability at least 1 — ¢ in test conj-cLIFF(R). Let V4 : Ha —
((C2)®m+D) , @ Hj; be the isometry whose existence follows from part (a) of the test, and Ay the observable
on Hj, that represents the phase ambiguity (see Lemma 3.6). Then there exists a unitary Ar on H; and
another unitary Ar on Hp, such that each commutes with Ay on the same system and

|AR ® Aglaux) — [aux)|[” = O(poly(e)), (3.13)

where |Aux) is the state defined in Lemma 3.6. Moreover, let Tg be any m-qubit Clifford unitary, acting
on the space (C*)®" into which the isometry V4 maps, which satisfies the relations specified in (3.9),
where for any location i € {1,...,m} such that a; = b; = 1 we replace oxoz by Ty = oy ® (iAy).!

INote that Tg is uniquely defined up to phase.
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Then, letting g = Tr(Idy ® Ar) we have that under the same isometry,

R ~poly(e) TR-

In the lemma, the unitary Ag is necessary because whenever a unitary R satisfies the
relations (3.9) the unitary R ® Ay satisfies them as well, where Ag is any unitary acting on an
ancilla system. In Section 3.5 we show that these unitaries can be ignored when looking at
post-measurement states in the protocol, which is what will ultimately be important for us.

Note that 7r is only defined up to phase in the lemma. Any representative will do, as the
phase ambiguity can be absorbed in Ag. As an example, in this notation we have

N 1 A 1
tr=—(-ox +o0y®Ay), G = @(Ox+GY®AY), (3.14)

V2

where the “honest” single-qubit Clifford observables or and o¢ are defined in (2.2).

Completeness of the test is clear, as players making measurements on (m + 1) shared EPR
pairs using standard Pauli observables, R, and C(a, b) defined in (3.4) with A(a, b) and B(a, b)
as in (3.10) will pass all tests with probability 1.

Proof sketch. For D € {A, B} let Vp be the isometries that follow from part (a) of the test and
Lemma 3.6. According to (3.10), A(a,b) and B(a, b) can each be expressed (up to phase) as a
tensor product of X, Y, Z operators, where the number of occurrences of Y modulo2isa -b
for A(a,b) and hx(a,b) - hz(a,b) = a-b mod 2 for B(a,b). Thus the labels used to specify
the observables in A(a,b) and B(a, b) in part (b), together with the analysis of part (a) and
Lemma 3.6, imply that under the same isometry we have

A(a,b) =z ox(a)oz(b) ® (iAy)"" and B(a, b) = ox(hx(a,b))oz(hz(a, b)) ® (iAy) s,

where the imaginary phase comes from (3.10). Applying the analysis of the conjugation test
given in Lemma 3.5 shows that Xg must have the form in (3.4), for some R that approximately
conjugates A(a, b) to B(a, b), on average over uniformly random a,b € {0, 1}".

Let 7r be as defined in the lemma. Note that £ acts on Ha and H;. After application of the
isometry, R has an expansion

R=~7g- (Z ox(a)oz(b) ® AR(a,b)), (3.15)
a,b

for arbitrary Agr(a,b) on Hj; since T is invertible such an expansion exists for any operator.
Using the approximate version of (3.9) certified by the conjugation test (Lemma 3.5),

RV} (0x(a)oz(b) ® AL )Va ~ Vi (0x(hx(a, b)oz(hz(a, b)) ® Ay DY V4R,

where the approximation holds on average over a uniformly random choice of (a, b) and up to
error that is polynomial in ¢ but independent of m. Expanding out R and using the consistency
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relations between the two players,

> r(ox(©oz(@) @ Ar(e,d)) © (1) ox(@)oz(b) @ A7)
c,d

~ 3 (ox(hx(@,b)oz(hz(a, 1) ® A7) i (0x(e)o2(d) ® Ax(e, d)) @1d,
c,d
(3.16)

where the factor (—=1)*? comes from using
(0x(a)oz(b) ® 1d )|[EPRY®" = (I1d ®(ox(a)oz(b))")[EPR)®" .

The approximation in (3.16) and the following equations are meant on average over uniformly
random a,b € {0,1}". Using the conjugation relations satisfied, by definition, by g, the
right-hand side of (3.16) simplifies to

>k (ox(@oz(b)ox(©)oz(d) @ ALY Ar(e, d)) @ 1d. (3.17)
c,d

Next using the fact that the state on which the approximations are measured is maximally
entangled across registers A and B together with the Pauli (anti-)commutation relations to
simplify the left-hand side of (3.16), together with (3.17) we arrive at the approximation

Z ((—1)a-d+b'cax(a +c)oz(b+d)® Ar(c, d)) ® (Id ®A§1,'b)
c,d

~ Z (ox(a +c)oz(b+d)® A@'bAR(c, d)) ®1Id.
c,d

If (c,d) # (0,0) a fraction about half of all (a,b) such thata -b = O satisfya-d+0b-c = 1.
Using that {ox(a)oz(b) ® Id |[EPR)} are orthogonal for different (a, b), the above then implies
that Ar(c,d) = —Ar(c, d), on average over (c,d) # (0,0). Hence Ar(c,d) = 0, on average over
(c,d) # (0,0). Considering (a, b) such thata-b = 1implies that Ag(0, 0) approximately commutes
with Ay. Finally, the relation (3.13) follows from consistency of Xr with itself implicitly enforced
in the test (see Section 3.1.3). O

3.4 Tensor products of single-qubit Clifford observables

We turn to testing observables in the m-fold direct product of the Clifford group. Although
the test can be formulated more generally, for our purposes it will be sufficient to specialize
it to the case where each element in the direct product is an observable taken from the set
X ={X,Y,Z,F,G} associated with the single-qubit Pauli observables defined in Section 2.1.
Recall that the associated operators satisfy the conjugation relation oyoroy = og, which will be
tested as part of our procedures (specifically, item (c) in Figure 6).
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The test is described in Figure 6. It is divided in five parts. Part (a) of the test executes
cony-cLIFE(W) to verify that an observable W € L satisfies the appropriate Pauli conjugation
relations (3.9). Note that a priori test cony-cLiFF(W) only tests for the observable Xy obtained
from W in blocks as X from R in (3.4) (indeed, in that test W need not be an observable). Thus
part (b) of the test is introduced to verify that Xy = WX(e;;+1), where the (m + 1)-st qubit is
the one used to specify the block decomposition relating Xy to W. The result of parts (a) and
(b) is that, under the same isometry as used to specify the Pauli X and Z, W =~ y - (Id ® Aw),
according to the same decomposition as shown in Lemma 3.7. The goal of the remaining three
parts of the test is to verify that Aw = AlF{l:WiE{F’G}}l, for a single observable Ar. For this, part (c)
of the test verifies that Ay only depends on the locations at which W; € {F, G}, but not on the
specific observables at those locations. Part (d) verifies that Aw ~ [[;.w,e(r gy Ai for commuting
observables A;. Finally, part (e) checks that A; is (approximately) independent of i.
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Test cLirr(XZ, m):

e Input: An integer m and a subset L = {X, Y, Z, F, G} of the single-qubit Clifford group.

o Test: Select W € L™ uniformly at random. Execute each of the following with equal
probability:

(a)
(b)

()

(d)

(e)

Execute the test conj-cLirr(W);

Send one player either the query W, or Xy and the other (W, X(e+1)), where e;,41
indicates the control qubit used for part (a). Receive one bit from the first player,
and two from the second. If the query to the first player was W, check that the first
player’s answer is consistent with the second player’s first answer bit. If the query to
the first player was Xy, then: If the second player’s second bit is 0, check that his first
bit is consistent with the first player’s; If the second player’s second bit is 1, check
that his first bit is different than the first player’s.

Let S and T be subsets of the positions in which W; = F and W; = G, respectively, are
chosen uniformly at random. Let W” equal W except W/ = G fori € S,and W/ = F
fori € T. Let R = Y(2;csur €i)- Execute test cony(W, W’, R).

Set W/ = X, Y, F, G; whenever W; =Y, X, G;, F, respectively. Set W/ = X whenever
Wi = Z. Execute test pT(W, W’) on m qubits.

Let S and T be subsets of (non-overlapping) pairs of positions in which W; = F and
Wi = G, respectively, chosen uniformly at random. Send one player the query W,
with entries (i, j) € S UT removed and replaced by ®; ; (indicating a measurement in
the Bell basis).

- With probability 1/2, send the other player the query W. Check consistency of
outcomes associated with positions notin SUT. For outcomesin SUT, check the
natural consistency as well. E. g., if the Bell measurement indicated the outcome
Do, then the two outcomes reported by the other player at those locations should
be identical.

— With probability 1/2, execute an independent copy of the Bell measurement test

BeLL (Figure 29) between the first and second players in each of the pair of qubits
inSUT.

Figure 6: The m-qubit Clifford test, cLirr(Z, m).
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Theorem 3.8. Suppose a strategy for the players succeeds in test cLirr(X, m) (Figure 6) with probability
at least 1 — €. Then for D € {A, B} there exists an isometry

Vp: Hp — (Cz)g,m ® 7'{5

such that )
|(Va ® VB)I¢)as — [EPRYS™ |aux);5||” = O(Ve), (3.18)

and
2
E Id VeWi(c) — Vi = | . 1
wesn B 1y | 1da ®(VsW(c) = tw(c) V)¢ )as||” = O(poly(e)) (3.19)
Here Ty is defined from W as in Lemma 3.7, with Aw, = Id if W; € {X,Y,Z} and Aw, = Ar if
Wi € {F, G}, where A is an observable on Hy that commutes with Ay.

Proof sketch. We indicate all steps of the proof, but omit some of the more routine calculations
for legibility. The existence of the isometry, as well as (3.18) and (3.19) for W € {I, X, Y, Z}",
follows from the test pe1(X, Y, Z), executed as part of the Clifford conjugation test from part
(a), and Lemma 3.6. Using part (a) of the test and Lemma 3.7 it follows that every W € X is
mapped under the same isometry to

2% = W= Tw(Id @Aw), (3.20)

where 7yy is as defined in the lemma and Ay is an observable on H; which may depend on the
whole string W; here we also use the consistency check in part (b) to relate the observable Xy
used in the Clifford conjugation test with the observable W used in part (c). Note that from the
definition we can write Ty = ®;Tw,, where in particular Tx = ox, Tz = 0z and Ty = oy ® Ay.

The analysis of the conjugation test given in Lemma 3.5 shows that success with probability
1 - O(e) in part (c) of the test implies the relations

"EwTR(Id ®Aw) = ’CR”Ew(Id ®Aw)
R e ”fwaR(Id ®AW/),

where the first equality is by definition of 7g, and uses that 7y = oy ® Ay and Ay commutes with
Aw; the approximation holds as a consequence of the conjugation test and should be understood
on average over a uniformly random choice of W € X. Thus Aw depends only on the locations
at which W; € {F, G}, but not on the particular values of the observables at those locations.

Part (d) of the test and Lemma 3.6 imply that the observables W(a) satisfy approximate
linearity conditions W(a)W(a’) ~ W(a + a’), on average over a uniformly random choice of
W € X" and a,a’ € {0,1}". Using the form (3.20) for W and the fact that the Ty (a) satisfy
the linearity relations by definition, we deduce that Ay ) Aw(a) ¥ Aw(a+a) as well. Using the
analysis of the Pauli braiding test (Lemma 3.6), this implies that for each i and W; there is an
observable A; w, such that the A; i, pairwise commute and Aw = []; A; w,. Using the preceding
observations, A; w, = A; if W; € {F,G},and A;w, = Idif W; € {X,Y, Z}.

Success in part (e) of the test implies the condition Ew (¢/|W ® Wo|y) > 1 — O(e), where
W is distributed as in the test, and Wq is the observable applied by the second player upon
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a query W, with some locations, indexed by pairs in S and T, have been replaced by the ®
symbol (as described in the test). Let U be the set of i such that W; € {F, G}. Since Ay commutes
with all observables in play, for clarity let us assume in the following that Ay = Id. From the
decomposition of the observables W obtained so far and the analysis of the test BELL given in
Lemma A4 it follows that

W =~ (®i fwi) ® (nAi)/ and Wg ~ (®z’¢5uT fwi) ® ( ®(i, j)esur SWi,]') ® ( l_l Ai),
ield iel\SuUT

where the ordering of tensor products does not respect the ordering of qubits, but it should be
clear which registers each operator acts on. Using that for any operators A, B and A,

(EPR|®?(A ® B ® |®goXPoo|) [EPR)®? = %Tr(ABT),

the above conditions imply

E E  A,AvAiAy ~ 1d,
S={(s1,8))} T={(t:,t))} ' '

where the expectation is taken over sets S and T specified as in part (e), for a given W, and on
average over the choice of W. Let A = E; A;. By an averaging argument it follows that for U the
set of locations such that W; € {F, G}, [1,cy Ai ® A®!, again on average over the choice of W. To
conclude we let Ap = A/|A|, which is an observable and satisfies the required conditions. O

3.5 Post-measurement states

We prove Theorem 3.1. The remaining work consists in “lifting” the phase ambiguity Ay which
remains in the statement of Theorem 3.8 (in contrast to the ambiguity Ay, which itself cannot be
lifted solely by examining correlations). This ambiguity means that the players have the liberty
of choosing to report opposite outcomes whenever they apply an F or G observable, but they
have to be consistent between themselves and across all of their qubits in doing so. To verify
that the provers use the “right” labeling for their outcomes we incorporate a small tomography
test. Our final test ricID(X, m), which builds on all tests developed in this section, is described
in Figure 7. Note that a drawback of the tomography is that the test no longer achieves perfect
completeness (although completeness remains exponentially close to 1).
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Test riGID(XZ, m):
e Input: An integer m and a subset L = {X, Y, Z, F, G} of the single-qubit Clifford group.
o Test: execute each of the following with equal probability:

(a) Execute the test cLiFr(Z, m);

(b) Send each player a uniformly random query W, W’ € ™. LetT C {1, ..., m} be the
subset of positions i such that W; € {X, Y} and W/ e {F, G}. Reject if the fraction of
answers (a;, b;), for i € T, from the players that satisfy the CHSH correlations (i.e.,
a; # b; if and only if (W;, W/) = (X, F)) is not at least cos? g —0.1.

Figure 7: The n-qubit rigidity test, ricip(Z, m).

Proof of Theorem 3.1. From Theorem 3.8 and part (a) we get isometries V4, Vg and commut-
ing observables Ay, A on Hj; such that the conclusions of the theorem hold. Write the
eigendecomposition Ay = A} — Ay and A = A} — A7, For A € {+,-}? let
1 = Trg((Id; ®A¢1A22) |aux)Xaux| (Id ®A§1A£2)).
Using that Ay and Ar commute and satisfy
Ay ® Ay|aux) = Ar ® Ap|aux) ~ |aux)

it follows that the (subnormalized) densities 7, have (approximately) orthogonal support. In
particular the provers’ strategy in part (b) of the test is well-approximated by a mixture of
four strategies, labeled by (Ay, Ar) € {+1}?, such that the strategy with label (1y, Ar) uses the
observables

1 1
(X,Z,Y,F,G) = (UX, 0z, Ayoy, —=Ar(—ox + Ayoy), —=Ar(ox + Ayoy )
7 ( ) 7 ( )

Among these four strategies, the two with Ar = —1 fail part (b) of the test with probability
exponentially close to 1. Success in both parts of the test with probability at least 1 — 2¢ each
thus implies

Tr(t4-) + Tr(7—-) = poly(e). (3.21)
For W € ¥™ and ¢ € {0,1}" the observable W(c) = ®in.C’ can be expanded in terms of a
2"-outcome projective measurement {W"} as

W(c) = Z (1) W*.
ue{0,1}m

Similarly, by definition the projective measurement associated with the commuting Pauli
observables Ty (c) = &7}, ¢ € {0,1}", is

i = ® (ce{(lfl}'” (_1)MTW(C))'
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Thus,

E

_yt 2
ey Ida ®(W(c) - Vitw(c)Va) Y )ag||

E
ce{0,1}m

>0 ldae(W* = Vith, Vi) l¥)as
ue{0,1}m

2
U1 g ®(W" = Vil V) )

2

) (3.22)

where the third line is obtained by expanding the square and using E ¢ (g 1}»(-=1)" = 1if v = 0™,
and 0 otherwise. Using (3.19), the expression in (3.22), when averaged over all W € ¥, is
bounded by O(poly(¢)). Using the Fuchs-van de Graaf inequality and the fact that trace distance
cannot increase under tracing out, we get that the following is O(poly(¢)):

EY HVATrB ((Ida ®W™) [ Y| (Ida ®W) )V = Trg (Ida @72 X |(Ida ©7Y)1) H1 (3.23)

Using that tx = ox, 7z = 0z, and 17y = oyAy, we deduce the post-measurement states for
u e {1}

u __ u u __ u u __ u —-u
Ty = 0%, T, =0y, Ty =0y ® (Toy +T4-) + 0" ® (T4 + 7).

Similarly, from 1r = (—tx + 7y)Ar and 7 = (tx + Ty)Ar we get, e. g., that the +1 eigenspace of
T is the combination of:
e The simultaneous +1 eigenspace of or = (-ox + 0y)/ V2, +1 eigenspace of Ay, and +1
eigenspace of Ar;
e The simultaneous —1 eigenspace of o, +1 eigenspace of Ay, and —1 eigenspace of Ar;
e The simultaneous —1 eigenspace of g = —(—ox — oy)/ V2, -1 eigenspace of Ay, and +1
eigenspace of Ar;
e The simultaneous +1 eigenspace of o, —1 eigenspace of Ay, and —1 eigenspace of Ar.
Proceeding similarly with 7, we obtain

Tp=0p®@Tyr +0" @Ty_+05"' ®T 4 +0L® T,

u _ u —u —u u
To=0,® T4+ t05 @T4-+0p @T 4 +0p QT

Starting from (3.23) and using (3.18) we obtain

WEX‘M Z HVATrB ((IdA ®W”)|¢><¢|(IdA ®Wu)+)vz

~ Trg (1da &t} IEPR) (EPRI®" @ |aux)(aux| g (ida @7 )') | = O(poly(e)).

Since Trg(Id ® B|EPRXEPR|ag Id ®B") = (B*B)" /2 for any single-qubit operator B, to conclude
the bound claimed in the theorem it only remains to apply the calculations above and use (3.21)
to eliminate the contribution of 7,._ and 7__; the factor % comes from the reduced density matrix
of an EPR pair. m|
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3.6 Tomography

Theorem 3.8 and Theorem 3.1 show that success in test rRiGID(Z, 1) gives us control over the
players” observables and post-measurement states in the test. This allows us to use one of
the players to perform some kind of limited tomography (limited to post-measurement states
obtained from measurements in X), that will be useful for our analysis of the Dog-Walker
Protocol from Section 5.12

Let 1 < m’ < m and consider the test Tom(Z, m’, m) described in Figure 8. In this test,
one player is sent a question W € X chosen uniformly at random. Assuming the players
are also successful in the test ricID(Z, m) (which can be checked independently, with some
probability), using that the input distribution u in riGID(Z, m) assigns weight at least |Z|™/2 to
any W’ € L™, from Theorem 3.1 it follows that the second player’s post-measurement state is
close to a state consistent with the first player’s reported outcomes. Now suppose the second
player is sent a random subset S C [m] of size |S| = m’, and is allowed to report an arbitrary
string W’ € £, together with outcomes u. Suppose also that for each i € S, we require that
u; = a; whenever Wi’ = W;. Since the latter condition is satisfied by a constant fraction of
i €{l,...,m'}, irrespective of W’, with very high probability, it follows that the only possibility
for the second player to satisfy the condition is to actually measure his qubits precisely in the
basis that he indicates. This allows us to check that a player performs a measurement of its
choice correctly (i. e., the player is forced to report the correct measurement made).

Tomography Test Tom(X, m’, m):

e Input: Integer 1 < m’ < m and a subset £ = {X,Y, Z, F, G} of the single-qubit Clifford
group.

e Test: Let S C [m] be chosen uniformly at random among all sets of size |S| = m’. Select
W € X" uniformly at random. Send W to the first player, and the set S to the second.
Receive a from the first player, and W’ € Y™ and u from the second. Accept only if a; = u;
whenever i € S and W; = W/.

Figure 8: The m-qubit tomography test tom(Z, m’, m).

Corollary 3.9. Let ¢ > 0and 1 < m’ < m integer. Suppose a strategy for the players succeeds with
probability 1 — ¢ in both tests ricID(X, m) (Figure 7) and Tom(X, m’, m) (Figure 8). Let V4, Vi be the
isometries specified in Theorem 3.1. Let {Q"'*} be the projective measurement applied by the second

2The tomography test described in this section is different from subtest (b) in riGip(Z, m) (Figure 7). The
tomography test described here is more general and designed to verify that a player prepares post-measurement
states of its choice.
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player in Tom(X, m’, m). Then there exists a distribution q on ™ X {+} such that

Z Z HTI'AQ((IdA ®VBQW,’M)|¢><1/)|AB(IdA ®VBQW"u)+)
Wrerm ye{+1}m’

m/

[SEE= 1=

where the notation is the same as in Theorem 3.1.
Moreover, players employing the honest strategy succeed with probability 1 in the Tom(X, m’, m).

Proof. Success in rRiGID(Z, m) allows us to apply Theorem 3.1. For any (W', u) let pZ\,{/A’” be the
post-measurement state on the first player’s space, conditioned on the second player’s answer in
test Tom(Z, m’, m) being (W’, u), after application of the isometry V4, and conditioned on #;
being in a state that lies in the support of 7) (note this makes sense since 7., 7_ have orthogonal
support). Using that for any i € S, W; = W/ with constant probability |Z|71, it follows from (3.1)
and (3.2) in Theorem 3.1 that success in Tom(X, m) implies the condition

-1, 1 N L
| ||z| 1d +157 ®ies “w’;,A) o ) =1-O(poly(e)).  (3.24)

E T T ((
sc{1,...,.m} Z I'(T/\) f
ISl:ml 1% ,A,ll

Eq (3.24) concludes the proof, for some distribution g(W’, 1) = 3, Tr(pf\‘,/:{” )Tr(7)) (the approx-
imation is due to the fact that the latter expression only specifies a distribution up to error

O(poly(¢)). O

4 The Verifier-on-a-Leash protocol

4.1 Protocol and statement of results

The Verifier-on-a-Leash Protocol (or “Leash Protocol” for short) involves a classical verifier and
two quantum provers. The idea behind the Leash Protocol is to have a first prover, nicknamed
PV for Prover V, carry out the quantum part of Vgpr from Broadbent’s EPR Protocol by
implementing the procedure V{,,.1* A second prover, nicknamed PP for Prover P, will play
the part of the prover Pgpr. Unlike in the EPR Protocol, the interaction with PV (i.e., running
Vipg) will take place first, and PV will be asked to perform random measurements from the set
Y. ={X,Y,Z,F,G}. The values Zz, rather than being chosen at random, will be chosen based
on the corresponding choice of observable. We let n be the number of input bits and t be the
number of T gates in Q.

The protocol is divided into two subgames; which game is played is chosen by the verifier

by flipping a biased coin with probability (p,, ps = 1 - pr).

BThroughout this section we assume that the circuit Q provided as input is compiled in the format described in
Section 2.4, which also provides a summary of the protocol and a description of Vgpr.
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o The first game is a sequential version of the rigidity game ricip(Z, m) described in Figure 11.
This aims to enforce that PV performs precisely the right measurements;

e The second game is the delegation game, described in Figures 12, 13, and 14, and whose
structure is summarized in Figure 9. Here the verifier guides PP through the computation
in a similar way as in the EPR Protocol.

We call the resulting protocol the Leash Protocol with parameters (p,, p4). In both subgames
the parameter m = ©(n + t) is chosen large enough so that with probability close to 1 each
symbol in X appears in a random W € L™ at least n + t times. It is important that PV is not
able to tell which kind of game is being played. Notice also that in order to ensure blindness,
we will require that the interaction with PV in the delegation game is sequential (more details
on this are found in Section 4.4). In order for the two subgames to be indistinguishable, we
also require that the rigidity game ricip(X, m) be played sequentially (i. e., certain subsets of
questions and answers are exchanged sequentially, but the acceptance condition in the test is the
same). Note, importantly, that the rigidity guarantees of ricip(Z, m) hold verbatim when the
game is played sequentially, since this only reduces the number of ways that the provers can
cheat. The following theorem states the guarantees of the Leash Protocol.

Theorem 4.1. There are constants p,,pq = 1 — pr, and A > 0 such that the following hold of the
Verifier-on-a-Leash Protocol with parameters (p,, pa), when executed on an input (Q, |X)).

e (Completeness:) Suppose that ||TTgQ|X)||> > 2/3. Then there is a strategy for PV and PP that is
accepted with probability at least pcomp1 = pr(1 — e ) + 8p, /9.

e (Soundness:) Suppose that ||TToQ|¥)||* < 1/3. Then any strategy for PV and PP is accepted with
probability at most psound = Peompl — A

Further, for any strategy of PV and PP, the reduced state of PV and PP, resp., at the end of the leash
protocol is independent of the input X, aside from its length.

The proof of the completeness property is given in Lemma 4.2. The soundness property is
shown in Lemma 4.5. Blindness is established in Section 4.4. We first give a detailed description
of the protocol. We start by describing the delegation game, specified in Figures 12, 13 and 14,
which describe the protocol from the verifier’s view, an honest PV’s view, and an honest PP’s
view, respectively. This will motivate the need for a sequential version of the game ricID(Z, m),
described in Figure 11. As we will show, the rigidity game forces PV to behave honestly. Thus,
for the purpose of exposition, we assume for now that PV behaves honestly, which results in the
joint behavior of PV and V being similar to that of the verifier Vgpr in the EPR Protocol.
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A, Wy € XAl
ea € {0,1}4l
By, Wp, € zIBil

531 € {0, 1}|Bll Prover V

B4, Wg, € LIBd
és, € {0, 1}l

Verifer T,N C [m]

ET] € {Orl}Tl

ZTl € {01 1}T1

R ) Prover P
ch € {Or 1}T(

ZT[ € {Oll}T[
Cr € {0,1}

Figure 9: Structure of the delegation game.

From the rigidity game we may also assume that PV and PP share m EPR pairs, labeled
{1,...,m}, for m = O(n +t). We will assume that the circuit Q is broken into d layers,
Q = Q1...Qq, such that in every Qy, each wire has at most one T gate applied to it, after which
no other gates are applied to that wire. We will refer to d as the T-depth of the circuit. We will
suppose the T gates are indexed from 1 to ¢, in order of layer.

The protocol begins with an interaction between the verifier and PV. The verifier selects
a uniformly random partition A, By,...,Bs of {1,...,m}, with |A| = ®(n), and for every
te{1,...,d}, |Be| = O(ty), where t, is the number of T gates in Q;. The verifier also selects a
uniformly random W € X, and partitions it into substrings W4 and Wg,, ..., Wp,, meant to
contain observables to initialize the computation qubits and auxiliary qubits, respectively, for
each layer of T gates. The verifier instructs PV to measure his halves of the EPR pairs using the
observables Wy first, and then Wp,, ..., Wp,, sequentially. Upon being instructed to measure a
set of observables, PV measures the corresponding half-EPR pairs and returns the results ¢ to
the verifier. Breaking this interaction into multiple rounds is meant to enforce that, for example,
the results output by PV upon receiving Wg,, which we call ég,, cannot depend on the choice of
observables W, .. This is required for blindness.

Once the interaction with PV has been completed, as in the EPR Protocol, V selects one of
three run types: computation (r = 0), X-test (r = 1), and Z-test (» = 2). The verifier selects a
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subset N C A of size n of qubits to play the role of inputs to the computation. These are chosen
from the subset of A corresponding to wires that PV has measured in the appropriate observable
for the run type (see Table 4). For example, in an X-test run, PV’s EPR halves corresponding to
input wires should be measured in the Z basis so that PP is left with a one-time pad of the state
|0)®", so in an X-test run, the computation wires are chosen from the set {i € A: W; = Z}. The
input wires N are labeled by X, ..., X.

The verifier also chooses subsets Ty = Teo U Té,l C By where Te0 and Té,1 have sizes t;o and
ty1 =ty — ty 0, respectively, where t¢ o is the number of odd T gates in the ¢-th layer of Q (recall
the definition of even and odd T gates from Section 2.4). The wires Té,0 and Te1 will play the role
of auxiliary states used to perform T gates from the ¢-th layer. They are chosen from those wires
from By whose corresponding EPR halves have been measured in a correct basis, depending
on the run type. For example, in an X-test run, the auxiliaries corresponding to odd T gates
should be prepared by measuring the corresponding EPR half in either the X or Y basis (see
Table 3), so in an X-test run, Tel is chosen from {i € By : W; € {X,Y}} (see Table 4). We will let
T1,...,7¢ label those EPR pairs that will be used as auxiliary states. In particular, the system 7;
will be used for the i-th T gate in the circuit, so if the i-th T gate is even, 7; should be chosen
from T = Ung,O, and otherwise it should be chosen from T = Ung,l. The verifier sends labels
T,...,Trand X, ..., X}, to PP, who will act as Pgpr on the n + t qubits specified by these labels.

Just as in the EPR Protocol, the input on PP’s system specified by Xj, ..., X, is a quantum
one-time pad of either |X), |0)®", or |+)®", depending on the run type, with V holding the keys
(determined by ¢). Throughout the interaction, PP always maintains a one-time pad of the
current state of the computation, with the verifier in possession of the one-time-pad keys. The
verifier updates her keys as the computation is carried out, using the rules in Table 2.

From PP’s perspective, the protocol works just as the EPR Protocol, except that he does not
receive the bit z; needed to implement the T gadget until during the T gadget, after he has sent V
his measurement result ¢; (see Figure 10).

aj+ci ifW; =G
,,,,,,,,,,,,,, aj+ci+1 ifW;=F

Z: = zZ € O,]_ lfW:Z

MGR{X,Y,Z,G,F} 1 0 R{ } 1fWi=X

Figure 10: The gadget for implementing the i-th T gate, on the j-th wire.

To perform the i-th T gate on the j-th wire, PP performs the circuit shown in Figure 10. As
Figure 10 shows, PV has already applied the observable specified by V to his half of the EPR
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pair. The T gadget requires interaction with the verifier, to compute the bit z;, which depends on
the measured c;, the value W;, and one-time-pad key a;, however, this interaction can be done
in parallel for T gates in the same layer.

It is simple to check that the T gadget in Figure 10 is the same as the T gadget for the EPR
Protocol shown in Figure 1. Note that in the EPR Protocol, we let a; denote the one-time-pad
key of the j-th wire just before application of the i-th T gate (to the j-th wire). Here we will
assume a; denotes the current updated one-time-pad key of the jth wire, so it is the same as
a; in the EPR Protocol. In the case of the leash protocol, W is chosen at random, and then Z is
chosen accordingly, whereas in the case of the EPR Protocol, Z is chosen at random and then W
is chosen accordingly.

Computation Run ~ X-test Run Z-test Run
N{iEA:WiZZ} {iGA:WiZZ} {iGA:WiZX}

Tl,o {i €By:W; e {G,F}} {i €By:W; = Z} {i €By:W; € {X,Y}}
T(, {iEBgZWiG{G,F}} {iEBg:WiE{X,Y}} {iEBg:WiZZ}

—_"

Table 4: How the verifier chooses index sets T = T’ UT! and N for each type of run. These sets
determine which systems are labeled by {7;}_, and {X; };.1:1, respectively.

Letm, n,and ty, ..., t; be parameters provided as input, such that m = @(n + 1 + - - - + t5).

1. The verifier selects questions W, W’, for the first and second player, respectively, according
to the distribution of questions in the game riGID(Z, m).

2. fW g X" or W ¢ XM
(a) The verifier partitions {1, ..., m} at random into subsets A and By, for ¢ € {1, ...,d},
of size |A| = O(n) and |B;| = O(t;), exactly as in Step 1 of Figure 12.
(b) The verifier sends (A, Wa), (B1, Wg,), .., (B4, Wp,) and (A, WA), (B1, Wél), .., (Bg, Wéd)
in sequence to the first and second prover, respectively. They sequentially return 4 €

{0,134, 5, € {0, 1}/B1l, ., €5, € {0,1}B4 and &, € {0, 1}14], g, € {0,1}lBll,..,E'Bd €

{0, 1}!B4l, respectively. Let ¢, ¢’ be the concatenation of 5 ; and €, in the correct order.
3. Otherwise: (which happens when the verifier sends instructions for Bell measurements)

(a) The verifier sends W and W’ to the first and second prover, respectively.

(b) The first and second prover answer back with € and ¢’, respectively.

4. The verifier accepts if and only if ¢,¢’ and W, W’ satisfy the winning condition of
RIGID(X, 111).

Figure 11: Sequential version of rRiGID(Z, m).
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Let (Q, X) be the input to the verifier, where Q is compiled in the form described in Section 2.4.
Let n be the size of the input to Q. Let d be the T-depth, and for ¢ € {1,...,d} let t; be the
number of T gates in the ¢-th layer.

1. The verifier selects W €g ™. She partitions {1, ..., m} arbitrarily into non-overlapping
subsets A and By, . .., By such that Wy contains at least n copies of each symbol in ¥, and
for each ¢ € {1,...,d}, Wp, contains at least t; copies of each symbol in X.

2. The verifier sends A, Wy4 to PV, who returns é4 € {0,1}*. The verifier sequentially sends
(B1,Ws,),...,(Ba, Wg,) to PV, each time receiving ég, € {0, 1}B¢ as answer.

3. The verifier selects a run type uniformly at random. She selects sets N € A and T; C By,
for{ € {1,...,d}, of sizes IN| = n and |T;| = £, as follows:

Computation Run: N is chosen at random from {i € A : W; = Z}. T; is chosen at random
from {i € By : W; € {G,F}}. Shesets 4 = &y + ¥ and b = 0".

X-test Run: N is chosen at random from {i € A: W; = Z}. Ty = Tl,0 U Tt,l, where Tt,0 is
of size t; o chosen at random from {i € By : W; = Z} and T(,1 is of size t; 1 chosen at
random from {i € B; : W; € {X,Y}}. She sets @ = éy and b=0"

Z-test Run: N is chosen at random from {i € A: W; = X}. T = Te0 U Té,l, where T(,O is of
size tyo chosen at random from {i € By : W; € {X,Y}} and Té,1 is of size ty,1 chosen at
random from {i € By : W; = Z}. She sets @ = 0" and b= en-

The verifier sends the sets N and T(,O, Tel, forall ¢ € {1,...,d}, to PP.
4. Forl=1,...,d,

(a) For each Clifford gate in the {-th layer, perform the appropriate key update (Table 2).
(b) The verifier receives ¢ = {c;}ier, from PP. If it is an X-test run and i € Tlo, oritisa
Z-testrunand i € Tel, reject if ¢; # a; + e;, where j is the wire to which the i-th T gate
is applied.
(c) For each i € Ty, the verifier computes Z = {z;}ier, as follows:
Computation Run z; = a; + lw,=f +¢; ;
X-testRun if i € T), z; €g {0,1}; else if i € T}, z; = 1w,=y;
Z-test Run ifi € TZO, z; = ly,=y; elseif i € Té,l, z; €r {0,1}.
(d) The verifier sends Z to PP and updates keys for each T gate applied (Table 2).

5. The verifier receives a bit cf from PP. She outputs reject if it is a computation or X-test
run and ¢y + ay # 0, where ay is the final X-key on the output wire; and accept otherwise.

Figure 12: The Delegation Game: Verifier’s point of view. Note that the condition c; # a jteiis
the same as the condition ¢; # a; + e; in the EPR Protocol — a; here and a; in the EPR Protocol
both represent the one-time-pad key just before application of the i-th T gate.
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1. For¢=0,1,...,d,

(a) PV receives a string Ws € Y5, for some subset S of {1,...,m}, from V.

(b) Fori € S, PV measures his half of the i-th EPR pair using the observable indicated by
Wi, obtaining an outcome e; € {0, 1}.

(c) PV returns és to V.

Figure 13: Honest strategy for PV in the Delegation game

Before describing the Delegation game, we present now the sequential version of the game
riGID(Z, m) (Figure 11). We notice that this sequential version is no different than ricip(Z, m),
except for the fact that certain subsets of questions and answers are exchanged sequentially, but
with the same acceptance condition. Running the game sequentially only reduces the provers’
ability to cheat, hence the guarantees from ricip(X, m) hold verbatim for the sequential version.

We now give the precise protocols for the delegation game V (Figure 12) and honest provers
PV (Figure 13) and PP (Figure 14).

1. PP receives subsets N and Té,o, thl of {1,...,m},forf € {1,...,d}, from the verifier.

2. Fort=1,...,d,

(a) PP does the Clifford computations in the ¢-th layer.

(b) For each i € Tj = T(,O U Tt,l, PP applies a CNOT from 7; into the input register
corresponding to the wire on which this T gate should be performed, X;, and
measures this wire to get a value c;. The register 7; is relabeled X;. He sends
ET[ = {Ci}ien to V.

(c) PP receives Zt, = {z;}ier, from V. For each i € Ty, he applies P% to the correspond-
ing X;.

3. PP performs the final computations that occur after the d-th layer of T gates, measures the
output qubit, X7, and sends the resulting bit, c¢, to V.

Figure 14: Honest strategy for PP in the Delegation game

With all of these subprotocols in hand, we can now present the Leash protocol (Figure 15).
Figure 16 illustrates the tree-like structure of all the different subgames and tests used within
the protocol.
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1. With probability p,, the players run the sequential version of riGID(Z, m) as described in
Figure 11.

2. With probability p,, the players run the delegation game, described in Figures 12, 13,
and 14.

Figure 15: Leash protocol with parameters p, and p,.

4.2 Leash completeness

The honest provers in the Leash Protocol are essentially executing the EPR Protocol, with the
only difference being that in the case of the leash protocol, W is chosen at random and then Z is
chosen accordingly, whereas in the case of the EPR Protocol, Z is chosen at random and then W
is chosen accordingly. The resulting distribution on Z and W is the same, and so completeness
follows from that of the EPR Protocol.

Lemma 4.2. Suppose the verifier executes the rigidity game with probability p, and the delegation game
with probability ps = 1 — p,, on an input (Q, |X)) such that ||[T1gQ|X)||*> > 2/3. Then there is a strategy
for the provers which is accepted with probability at least peompi = pr(1 — e X)) + 8y,

Proof. The provers PV and PP play the rigidity game in accordance with the honest strategy, and
the delegation game as described in Figures 13 and 14, respectively. Their success probability
in the delegation game is the same as the honest strategy in the EPR Protocol, which is at
least % + %% = g, by Theorem 2.2 and since the verifier chooses each of the three types of runs
uniformly. m]

4.3 Leash soundness

We divide the soundness analysis into three parts. First we analyze the case of an honest
PV, and a cheating PP (Lemma 4.3). Then we show that if PV and PP pass the rigidity game
with almost optimal probability, then one can construct new provers PV’ and PP’, with PV’
honest, such that the probability that they are accepted in the delegation game is not changed
by much (Lemma 4.4). In Lemma 4.5, we combine the previous to derive the desired constant
soundness-completeness gap, where we exclude that the acceptance probability of the provers
in the rigidity game is too low by picking a p, large enough.

Lemma 4.3 (Soundness against PP). Suppose the verifier executes the delegation game on input
(Q, |X)) such that ||TTpQ|X)||* < 1/3 with provers (PV, PP*) such that PV plays the honest strategy.
Then the verifier accepts with probability at most 7/9.
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Leash Protocol

Fig. 15

Delegation
Fig. 9 (Fig. 12, 13, and 14) PV
uses EPR Protocol to delegate
computation to PP

Rigidity 1/3 " 1/3

Ensure PV does mea-
surements he’s sup- X-test Z-test Computation
posed to by running Ensure PP returns Ensure PP returns Run the computa-
the sequential version correctly measured  correctly measured  tion
(Fig. 11) of rRIGID bits, except for those bits on odd T gad-

RIGID returnedonodd T gets

Fig. 7 gadgets

1/2\(a) (b)

Fig. 6 Lift phase ambiguity in
Test tensor products of the definition of F, G
single-qubit Clifford gates

15|(@)

CONJ-CLIFF 15

Fig. 5 Force same phase ambi-
Test that each Clifford sat- Tfjt l;(lOCk form of observ- guity in the definitions of
isfies Pauli conjugation able Aw F, G for all qubits
relations

b
1)) v
PBT CONJ
Fig. 30 Fig. 4
Pauli braiding test Conjugation test

Figure 16: Structure of the Leash Protocol. The Verifier plays the rigidity game with probability
pr, and the delegation game with probability p; = 1 — p,. In either case, a subgame is chosen,
some of which involve their own subgames. We illustrate this structure here, letting probabilities
label branches in the tree. Note that not all random choices are shown. For example, when conj
is played, it is with a random choice of inputs, but this figure illustrates the high-level structure
of the protocol, and connection to different tests.
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Proof. Let PP* be any prover. Assume that PV behaves honestly and applies the measurements
specified by his query W on halves of EPR pairs shared with PP". As a result the corresponding
half-EPR pair at PP" is projected onto the post-measurement state associated with the outcome
reported by PV to V.

From PP*, we define another prover, P*, such that if P* interacts with Vgpg, the honest verifer
for the EPR Protocol (Figure 3a), then Vepr rejects with the same probability that V would reject
on interaction with PP*. The main idea of the proof can be seen by looking at Figure 10, and
noticing that: (1) the combined action of V and PV is unchanged if instead of choosing the
Wi;-values at random and then choosing z; as a function of these, the z; are chosen uniformly at
random, and then the W; are chosen as a function of these; and (2) with this transformation, the
combined action of V and PV is now the same as the action of Vgpg in the EPR Protocol.

We now define P*. P* acts on a system that includes n + t qubits that, in an honest run of
the EPR Protocol, are halves of EPR pairs shared with Vgpgr. P* receives {zi}f:1 from Vgpgr. P*
creates m — (n + t) half EPR pairs (i. e, single-qubit maximally mixed states) and randomly
permutes these with his n + t unmeasured qubits, n of which correspond to computation qubits
onsystems Xj, ..., X, —hesets N to be the indices of these qubits —and t of which correspond
to T-auxiliary states — he sets T? and T to be the indices of these qubits. P* simulates PP* on
these m qubits in the following way. First, P* gives PP* the index sets N, T?, and T*. In the
{-th iteration of the loop (Step 2. in Figure 14), PP* returns some bits {c;};ec7;, and then expects
inputs {z; }ie1;, which P* provides, using the bits he received from Vgpg. Finally, at the end of
the computation, PP* returns a bit c¢, and P* outputs {c; };er and cy.

This completes the description of P*. To show the lemma we argue that for any input
(Q, X)) the probability that V outputs accept on interaction with PV and PP” is the same as the
probability that Vepr outputs accept on interaction with P*, which is at most %qt + %qc whenever
ITIoQ|X)]|? < 1/3, by Theorem 2.3. Using 6 = %, Theorem 2.3 gives g, < % - %qt, which yields

2 1 5 2 7
3 T35t =g

There are two reasons that Vepr might reject: (1) in a computation or X-test run, the output
qubit decodes to 1; or (2) in an evaluation of the gadget in Figure 10 (either an X-test run for an
even T gate, or a Z-test run for an odd T gate) the condition ¢; = a; & e; fails. Note that in the
description of the EPR Protocol, the one-time-pad key just before application of the i-th T gate is
denoted a;, which we denote here by 4;.

We first consider case (1). This occurs exactly when c¢f @ af = 1, where 4y is the final X key of
the output wire, held by Vepr. We note that ay is exactly the final X key that V would hold in the
Verifier-on-a-Leash Protocol, which follows from the fact that the update rules in both the EPR
Protocol and the leash protocol are the same. Thus, the probability that Vepg finds vf @ af =1
on interaction with P* is exactly the probability that V finds cy @ a5 = 1 in Step 5 of Figure 12.

Next, consider case (2). The condition ¢; # a; & e; is exactly the condition in which a verifier
interacting with P* as in Figure 12 would reject (see Step 4.(b)).

Thus, the probability that Vepr outputs reject upon interaction with P* is exactly the
probability that V outputs reject on interaction with PP*, which, as discussed above, is at
most 7/9. O
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The following lemma shows soundness against cheating PV".

Lemma 4.4. Suppose the verifier executes the leash protocol on input (Q, |¥)) such that |TTpQ|X)||> < 1/3
with provers (PV*, PP"), such that the provers are accepted with probability 1 — ¢, for some ¢ > 0, in
the rigidity game, and with probability at least q in the delegation game. Then there exist provers PP’
and PV’ such that PV’ applies the honest strategy and PP" and PV’ are accepted with probability at least
q — poly(¢) in the delegation game.

Proof. By assumption, PP* and PV" are accepted in the rigidity game with probability at least
1 — €. Let V4, Vi be the local isometries guaranteed to exist by Theorem 3.1, and {7,} the
subnormalized densities associated with PP*’s Hilbert space (recall that playing the rigidity
game sequentially leaves the guarantees from Theorem 3.1 unchanged, since it only reduces the
provers’ ability to cheat).

First define provers PV” and PP” as follows. PP” and PV” initially share the state

[V a8 = &L, |[EPRXEPR|ag ® Z IAXAla ® [AXAlg ® (Ta)a”
Ae{+}

with registers AA’A” in the possession of PP” and BB’ in the possession of PV”. Upon receiving a
query W € X", PV” measures B’ to obtain a A € {+}. If A = +, he proceeds honestly, measuring
his half-EPR pairs exactly as instructed. If A = —, he proceeds honestly except that for every
honest single-qubit observable specified by W, he instead measures the complex conjugate
observable. Note that this strategy can be implemented irrespective of whether W is given at
once, as in the game RriGID, or sequentially, as in the Delegation Game. PP” simply acts like PP,
just with the isometry V4 applied.

First note that by Theorem 3.1, the distribution of answers of PV” to the verifier, as well as
the subsequent interaction between the verifier and PP, generate (classical) transcripts that are
within statistical distance poly(¢) from those generated by PV* and PP* with the same verifier.

Next we observe that taking the complex conjugate of both provers’ actions does not change
their acceptance probability in the delegation game, since the interaction with the verifier is
completely classical. Define PP’ as follows: PP’ measures A’ to obtain the same A as PV”, and
then executes PP” or its complex conjugate depending on the value of A. Define PV’ to execute
the honest behavior (he measures to obtain A, but then discards it and does not take any complex
conjugates).

Then PV’ applies the honest strategy, and (PV’, PP’) applies either the same strategy as
(PV”,PP”) (if A = +) or its complex conjugate (if A = —). Therefore they are accepted in the
delegation game with exactly the same probability. O

Combining Lemma 4.3 and Lemma 4.4 gives us the final soundness guarantee.

Lemma 4.5. (Constant soundness-completeness gap) There exist constants p,, pg =1 —prand A > 0
such that if the verifier executes the leash protocol with parameters (p,, pa) on input (Q, |X)) such that
ITIoQ|%)||> < 1/3, any provers (PV"*, PP*) are accepted with probability at most psound = Pcompl — A.
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Proof. Suppose provers PP* and PV succeed in the delegation game with probability g +w
for some w > 0, and the testing game with probability 1 — ¢.(w), where e.(w) will be specified
below. By Lemma 4.4, this implies that there exist provers PP’ and PV’ such that PV’ is honest
and the provers succeed in the delegation game with probability at least g +w — g(e(w)),
where g(¢) = poly(¢) is the function from the guarantee of Lemma 4.4. Let ¢.(w) be such that
g(e(w)) < 5. In particular, g +w —g(ew)) = g +5 > g. This contradicts Lemma 4.3.

Thus if provers PP and PV succeed in the delegation game with probability % + w they must
succeed in the rigidity game with probability less than 1 — ¢.(w). This implies that for any
strategy of the provers, on any no instance, the probability that they are accepted is at most

7 1 1
max{pr + (1 =po)5 + 55). (1 e(g5)) + =01, &
Since 8*(%) is a positive constant, it is clear that one can pick p, large enough so that
1 7 1
pl1-e()) + A-p1<prr@-pl5+ ) 42

Select the smallest such p,. Then the probability that the two provers are accepted is at most

7 1 _ 8
Psound = Pr t (1 - Pr)(§ + E) <PpPr (1 —e Q(n+t)) + (1 - Pr)g = Pcompl ,

which gives the desired constant completeness-soundness gap A. m|

4.4 Blindness

We now establish blindness of the Leash Protocol. In Lemma 4.6, we will prove that the protocol
has the property that neither prover can learn anything about the input to the circuit, X, aside
from its length. Thus, the protocol can be turned into a blind protocol, where Q is also hidden, by
modifying any input (Q, X) where Q has g gates and acts on n qubits, to an input (Uj,, (Q, X)),
where U, ,, is a universal circuit that takes as input a description of a g-gate circuit Q on n qubits,
and a string ¥, and outputs Q|X). The universal circuit Uy, can be implemented in O(g log 1)
gates. By Lemma 4.6, running the Leash Protocol on (U, (Q, X)) reveals nothing about Q or X
aside from g and n.

In the form presented in Figure 12, the verifier V interacts first with PV, sending him random
questions that are independent from the input ¥, aside from the input length n. It is thus clear
that the protocol is blind with respect to PV.

In contrast, the questions to PP depend on PV’s answers and on the input, so it may a priori
seem like the questions can leak information to PP. To show that the protocol is also blind with
respect to PP, we show that there is an alternative formulation, in which the verifier first interacts
with PP, sending him random messages, and then only with PV, with whom the interaction is
now adaptive. We argue that, for an arbitrary strategy of the provers, the reduced state of all
registers available to either prover, PP or PV, is exactly the same in both formulations of the
protocol — the original and the alternative one. This establishes blindness for both provers. This
technique for proving blindness is already used in [37] to establish blindness of a two-prover
protocol based on computation by teleportation.
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Lemma 4.6 (Blindness of the Leash Protocol). For any strategy of PV* and PP, the reduced state of
PV* and PP, resp., at the end of the leash protocol is independent of the input X, aside from its length.

Proof. Let PV* and PP” denote two arbitrary strategies for the provers in the leash protocol. Each
of these strategies can be modeled as a super-operator

Tov : L(Hpy ® Hev) — L(Hr,, ® Hpv),

Tep,ad : L(Hpe ® Hep) — L(Hr,, ® Hrep).

Here Hr,, and Hry (Hrp, and Hry ) are classical registers containing the inputs and outputs to
and from PV* (PP*, resp.) and Hpy (Hpp) is the private space of PV* (PP*, resp.). Note that the
interaction of each prover with the verifier is sequential, and we use 7py and 7pp 44 to denote the
combined action of the verifier and the prover, resp., across all rounds of interaction (formally
these are sequences of superoperators).

Consider an alternative protocol, which proceeds as follows. The verifier first interacts with
PP. From Figure 14 we see that the inputs required for PP are subsets N and T, ..., T;, and
values {z;}ier, foreach ¢ € {1, ..., d}. To select the former, the verifier proceeds as in the first
step of the Delegation Game. She selects the latter uniformly at random. The verifier collects
values {c;};et, from PP exactly as in the original Delegation Game.

Once the interaction with PP has been completed, the verifier interacts with PV. First, she
selects a random string Wy € N conditioned on the event that Wy contains at least n copies
of each symbol in X, and sends it to PV, collecting answers éy. The verifier then follows the
same update rules as in the delegation game. We describe this explicitly for computation runs.
First, the verifier sets @ = éy. Depending on the values {c;}ier; and {z;}ier; obtained in the
interaction with PP, using the equation z; = a; + 1w,=f + ¢; she deduces a value for 1y,=F for each
i € T1 C Bj. She then selects a uniformly random Wp, € Y51 conditioned on the event that Wp,
contains at least t; copies of each symbol from X, and for i € T it holds that W; = F if and only if
zi = aj + 1+ ¢;. The important observation is that, if T; is a uniformly random, unknown subset,
the marginal distribution on W5, induced by the distribution described above is independent
of whether z; = a; + 1 + ¢; or z; = aj + 0 + ¢;: precisely, it is uniform conditioned on the event
that Wpg, contains at least t; copies of each symbol from X. The verifier receives outcomes
ég, € {0,1}%1 from PV, and using these outcomes performs the appropriate key update rules;
she then proceeds to the second layer of the circuit, until the end of the computation. Finally,
the verifier accepts using the same rule as in the last step of the original delegation game.

We claim that both the original and alternative protocols generate the same joint final state:

Top,ad © Tev(porig) = Tov,ad © Top(par) € Hep ® Hry @ Hy ® Hry ® Hoy, (4.3)

where we use p,,i; and p,;; to denote the joint initial state of the provers, as well as the verifier’s
initialization of her workspace, in the original and alternative protocols, respectively, and
Tpv,qa and Tpp are the equivalent of 7py and Tpp 44 for the reversed protocol (in particular they
correspond to the same strategies PV* and PP* used to define 7py and 7pp 44). Notice that 7py 44
and 7pp are well-defined since neither prover can distinguish an execution of the original from
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the alternative protocol.’* To see that equality holds in (4.3), it is possible to re-write the final
state of the protocol as the result of the following sequence of operations. First, the verifier
initializes the message registers with PP* and PV" using half-EPR pairs, keeping the other halves
in her private workspace. This simulates the generation of uniform random messages to both
provers. Then, the superoperator 7py ® 7pp is executed. Finally, the verifier post-selects by
applying a projection operator on Hr,, ® Hr, ® Hr,, ® Hry, that projects onto valid transcripts
for the original protocol (i. e., transcripts in which the adaptive questions are chosen correctly).
This projection can be implemented in two equivalent ways: either the verifier first measures
Hrpy ® WTI;V, and then Hr,, ® WTI;P; based on the outcomes she accepts a valid transcript for the
original protocol or she rejects. Or, she first measures Hr,, ® WTI;P, and then Hr,, ® 7-(T1;V ; based
on the outcomes she accepts a valid transcript for the alternative protocol or she rejects. Using
the commutation of the provers’ actions, conditioned on the transcript being accepted, the first
gives rise to the first final state in (4.3), and the second to the second final state. The two are
equivalent because the acceptance condition for a valid transcript is identical in the two versions
of the protocol.

Since in the first case the reduced state on WTI;V ® Hpy is independent of the input to the
computation, ¥, and in the second the reduced state on Hpp ® 7-{T1;P is independent of X, we
deduce that the protocol hides the input from each of PV* and PP". O

5 Dog-Walker protocol

The Dog-Walker Protocol again involves a classical verifier V and two provers PV and PP.
As in the leash protocol presented in Section 4, PP and PV take the roles of Prpr and Vepr
from [7], respectively. The main difference is that the Dog-Walker Protocol gives up blindness
in order to reduce the number of rounds to two (one round of interaction with each prover,
played sequentially). After one round of communication with PP, who returns a sequence of
measurement outcomes, V communicates all of PP’s outcomes, except for the one corresponding
to the output bit of the computation, as well as the input ¥, to PV. With these, PV can perform
the required adaptive measurements without the need to interact with V. It may seem risky to
communicate bits sent by PP directly to PV — this seems to allow for communication between
the two provers! Indeed, blindness is lost. However, if PP is honest, his outcomes {c;}; in the
computation run are the result of measurements he performs on half-EPR pairs, and are uniform
random bits. If he is dishonest, and does not return the outcomes obtained by performing the
right measurements, he will be caught in the test runs. It is only in computation runs that V
sends the measurement results {c;}; to PV.

We note that PV has a much more important role in this protocol: he decides himself the
measurements to perform according to previous measurements” outcomes as well as the input
x. For this reason, we must use the Tomography test discussed in Section 3.6, in order to test if
PV remains honest with respect to these new tasks. With the tomography test, we can achieve

“One must ensure that a prover does not realize if the alternative protocol is executed instead of the original; this
is easily enforced by only interacting with any of the provers at specific, publicly decided times.
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a rigidity theorem that will allow us to prove the soundness of the Dog-walker protocol (see
Figure 21 for a glimpse of the proof structure).

Finally, the Dog-Walker Protocol can be easily extended to a classical-verifier two-prover
protocol for all languages in QMA. Along the same lines of the proof that QMIP = MIP* from [37],
one of the provers plays the role of PP, running the QMA verification circuit, while the second
prover creates and teleports the corresponding QMA witness. In our case, it is not hard to see
that the second prover can be re-used as PV in the Dog-Walker Protocol, creating the necessary
gadgets for the computation and allowing the Verifier to check the operations performed by the
tirst prover. We describe the protocol in Section 5.4.

5.1 Protocol and statement of results

Throughout this section we let X = {X, Y, Z, F, G}, and let m = ©(n + t) be chosen large enough
so that each symbol in T appears at least n + ¢ times in a uniform random W € X", with
probability close to 1. Let u(W) denote the probability that a player receives input W while
playing riGID(X, m) (recall that both players have the same marginals in ricip). Let u(W’|W)
denote the probability that one player receives W’ given that the other player receives W.

The full protocols are presented in Figure 18 (verifier’s point of view), Figure 19 (PV’s point
of view) and Figure 20 (PP’s point of view). The protocol has two types of runs: EPR and
Rigidity. Within an EPR run are three types of subruns: Computation subrun, X-test subrun,
and Z-test subrun. We will generally think of X- and Z-test subruns as one subrun type (Test
subrun). Within a Rigidity run are two types of subruns: Tomography subrun, which should be
thought of as the Rigidity version of the EPR-Computation run; and Clifford subrun, which
should be thought of as the Rigidity version of the EPR-Test run. With some probability p;, V
runs a Rigidity run, Clifford subrun; with some probability p,, V runs an EPR run, Test subrun;
with some probability p3, V runs an EPR run, Computation subrun; and with probability
ps =1—p1 —p2 —p3, V runs a Rigidity run, Tomography subrun. This structure is illustrated in
Figure 17. We call this the Dog-Walker Protocol with parameters (p1, p2, p3, p4)-

The following theorem states the guarantees of the Dog-Walker Protocol.

Theorem 5.1. There exist constants p1, p2, p3, p4 = 1 —p1 —p2 — p3, and A > 0 such that the following
hold of the Dog-Walker Protocol with parameters (p1, pa, p3, pa), when executed on input (Q, |X)).

o (Completeness: ) Suppose that ||HOQ|3?)||2 > 2/3. Then there is a strategy for PV and PP that is
accepted with probability at least peompr = p1(1 — €™ ) + py + 2ps + py.

o (Soundness: ) Suppose that ||H0Q|J?>||2 < 1/3. Then any strategy for PV and PP is accepted with
probability at most psound = Pcompl — A

The proof of completeness is given in Lemma 5.2, and proof of soundness is given in Lemma 5.7.

5.2 Dog-Walker completeness

Lemma 5.2. Suppose V executes the Dog-Walker Protocol with parameters (p1, p2, p3, pa). There is
a strategy for the provers such that, on any input (Q, |X)) such that ||1_[0Q|9?)||2 > %, V accepts with
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Dog Walker
Fig. 20, Fig. 19, and Fig. 18
p1+ p4 p2+p3
Rigidity Run EPR Run
—— PV uses EPR Protocol to
Ensure PV behaves .
delegate computation to
honestly
PP
Pa p1 ps3
p1t+pa p1tpa p2tp3
Computation Subrun Test Subrun Test Subrun Computation Subrun
(Tomography) (Clifford) Fun the computa-
Ensure PV reports ~ Ensure PV applies " 1, ion
correct measure- correct gates using
ments when he gets  RIGID (Fig. 7)
to choose measure- X-test Z-test
ment to perform Ensure PP returns Ensure PP returns
using Tom (Fig. 8) correctly measured  correctly measured

bits, except for those bits on odd T gate
returned onodd T gadgets
gate gadgets

Figure 17: The structure of the Dog-Walker Protocol. We illustrate the structure of different
runs, subruns, and games/tests, letting probabilities label branches.

probability at least peompl = p1(1 = 8c) + p2 + 3p3 + pa, for some &, = e~ 2+,

Proof. The provers PV and PP play the strategy described in Figures 19 and 20, respectively. In the
Rigidity-Tomography run, the verification performed by V amounts to playing Tom(X, n + t, m)
with the provers (with an extra constraint on the output W of PV that is always satisfied by the
honest strategy). This game has perfect completeness, which makes the V accept with probability
1 in the Rigidity-Tomography run. In the Rigidity-Clifford run, V plays ricin(X, m) with the
provers. The game has completeness at least 1 — 6. for some 6, = e "+ since m = Q(n + 1),
therefore their success probability in this run is at least 1 — 6.

In the EPR run, the provers are exactly carrying out the EPR Protocol, with V using PV to run
and PP playing the role of Pgpr. Thus, test runs result in acceptance with probability 1,

2, by Theorem 2.2. O

’
VEPR’

and the computation run results in acceptance with probability ||H0Q | )
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1. Select a run type EPR or Rigidity, and disjoint sets N, T%, T! c {1,..., m} of sizes n, t; and
t —to.

EPR Choose Z uniformly at random from {0, 1} and send it, along with N, T® and T?, to PP.
Receive measurement outcomes ¢ € {0,1}! and ¢ r €{0,1} from PP.

Rigidity Choose W’ according to u(-) and send it to PP. Receive ¢’ € {0, 1}" from PP.
2. Select a subrun type at random from Computation, X-test or Z-test.

Computation Based on whether it is an EPR or a Rigidity Run:

EPR (i) Send %, Z, ¢ and sets N, T and T! to PV, and receive measurement outcomes
a,b€{0,1}"and ¢ € {0, 1}
(ii) Apply the update rules from Table 2 gate-by-gate to obtain the final X key for the

’ /

output wire a Iz Ifc f+a ¥ # 0, reject.

Rigidity (Tomography) (i) Choose uniform random strings ¢, z € {0, 1}, X € {0,1}" to
send to PV, along with N and T, and receive measurement outcomes ;l € {0,1}"
and ¢ € {0, 1}

(ii) From X, ¢, zZ, ;l, and ¢, determine the adaptive measurements W € Z"*! that Vgp R

would have performed (based on Figure 3b), and reject if the input-output pairs
(W’,¢")and (NUT, (W, ¢€)) do not satisfy the winning criterion for tom(X, n +t, m).

X-test Based on whether it is an EPR or a Rigidity Run:

EPR (i) Choose W € L™ uniformly at random among all strings satisfying: W; = Z for
alli e N;W; =Zforalli € T% and W; € {X,Y} foralli € T!. Send W to PV and

receive measurement results ¢ € {0,1}". Let (a, l;) = (en,0M).

(ii) Apply update rules from Table 2 gate-by-gate to obtain Vi € [] the X key before
the i-th T gate is applied, 4/, and the final X key for the output wire, a}. If Jis.t.

the i-th T gate is even and c; # a; +e;, reject. If cf + a} # 0, reject.

Rigidity (Clifford) Choose W according to the marginal conditioned on W’, u(-|W’). Send
W to PV and receive ¢ € {0,1}". Reject if (W’,é’, W, €) does not win riGiD(E, m).

Z-test Based on whether it is an EPR or a Rigidity Run:

EPR (i) Choose W € X uniformly at random among all strings satisfying: W; = X for
alli € N;W; € {X,Y}foralli € T%;and W; = Z forall i € T!. Send W to PV and
receive measurement results ¢ € {0,1}". Let (4, E) = (0", ¢en).

(ii) Apply update rules from Table 2 gate-by-gate to obtain Vi € [¢], the X key before
the i-th T gate is applied, a}. If 3i s.t. the i-th T gate is odd and ¢; # 4} + ¢;, reject.

Rigidity (Clifford) Identical to X-test case.

Figure 18: The Dog-Walker Protocol: Verifier’s point of view.
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1. If PV receives a question W from V (he is playing ricip or an X- or Z-test Run):

Measure the m qubits in the observable indicated by W — for example, if W € I,
fori € {1,...,m}, measure the i-th qubit in the basis indicated by W; — and report
the outcomes ¢ to V.

2. If PV receives %, Z, ¢ and sets N, T’ and T! from V (he is playing Tom or a Computation
Run):

Run the procedure V?,, from Figure 3b on input %, ¢, Z, the n qubits in N, and the ¢

EPR
qubits in TOU T Report the outputs d and ¢ of VSPR to V.

Figure 19: The Dog-Walker Protocol: Honest strategy for PV.

1. If PP receives a question W’ from V (he is playing Tom or RIGID):

Measure the m qubits in the observable indicated by W’ — for example, if W’ € £,
fori € {1,..., m}, measure the i-th qubit in the basis indicated by W/ — and report
the outcomes ¢’ to V.

2. If PP receives Z, and sets N, T? and T from V (he is playing the role of Pgpr from the EPR
Protocol):

Run the prover Pgpg from Figure 3c on input Z, the n qubits in N, and the t qubits in
TOU T Report the outputs ¢ € {0,1} and cr €{0,1} of Pepr to V.

Figure 20: The Dog-Walker Protocol: Honest strategy for PP.

5.3 Dog-Walker soundness

Figure 21 summarizes the high-level structure of the soundness analysis. Intuitively, our ultimate
goal is to argue that both provers either apply the correct operations in EPR-Computation runs,
or are rejected with constant probability. This will be achieved by employing a form of “hybrid
argument” whereby it is argued that the provers, if they are not caught, must be using the
honest strategies described in Figure 20 and Figure 19 in the different types of runs considered
in the protocol. Towards this, we divide the run types into the following four scenarios:

1. Rigidity-Clifford: The run type is Rigidity and the subrun type is either X-test or Z-test.
(When the provers are honest) PV behaves as in Item 1 of Figure 19, and PP behaves as in
Item 1 of Figure 20.

2. EPR-Test: The run type is EPR and the subrun type is either X-test or Z-test. PV behaves
as in Item 1 of Figure 19, and PP behaves as in Item 2 of Figure 20.
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3. EPR-Computation: The run type is EPR and the subrun type is Computation. PV behaves
as in Item 2 of Figure 19, and PP behaves as in Item 2 of Figure 20.

4. Rigidity-Tomography: The run type is Rigidity and the subrun type is Computation. PV
behaves as in Item 2 of Figure 19, and PP behaves as in Item 1 of Figure 20.

Examining Figure 18, we can see the following. In the Rigidity-Clifford scenario, the verifier is
precisely playing the game ricip with the provers, as the provers receive questions W’ and W
distributed according to u(:, -), the distribution of questions for riGiD(X, m); their answers are
tested against the winning conditions of riGip(X, m). In the Rigidity-Tomography scenario, the
verifier plays a variant of the game tom with the provers, in which PV’s choice of observable W
is uniquely determined by his inputs ¥, ¢ and Z: it should match the observable implemented
by Vgp g on these inputs. In EPR runs, PV plays the part of V[, from the EPR Protocol, and
PP plays the part of Pepr. The EPR-Test scenario corresponds to X- and Z-tests from the EPR

Protocol, whereas the EPR-Computation scenario corresponds to computation runs from the
EPR Protocol.

14 PP

(De—= Test (1) (1) Rigidity-Clifford

@ Soundness of ‘EPR> @ EPR-Test

@ @ EPR-Computation

@< ToM Test @ @ Rigidity-Tomography

Figure 21: Overview of the soundness of the Dog-Walker Protocol

The structure of the proof is as follows (see also Figure 21):

(i) By the game ricID, in the Rigidity-Clifford runs, both PP and PV must be honest, or they
would lose the game.

(ii) Since PV cannot distinguish between Rigidity-Clifford and EPR-Test (both are Figure 19
Item 1 from his perspective, and the input distributions, while not identical, have total
variation distance 1 — 1), for some constant 7 > 0), PV must be honest in the EPR-Test runs,

by (i).

(iii) Since PP cannot distinguish between Rigidity-Clifford and Rigidity-Tomography (both are
Figure 20 Item 1 from his perspective), PP must be honest in the Rigidity-Tomography
runs, by (i).
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(iv) Since PV is honest in EPR-Test runs by (ii), PP must be honest in EPR-Test runs or he will
get caught, but in particular, he must output values {c; }c[;) that are uniform random and
independent of Z. Since PP cannot distinguish between EPR-Test and EPR-Computation
runs, this is also true in EPR-Computation runs, when the verifier sends the values {c;};
to PV.

(v) PV must be honest in Rigidity-Tomography runs, or the provers would lose the game Tom.

(vi) Since PV cannot distinguish between Rigidity-Tomography runs and EPR-Computation
runs (both are Figure 19 Item 2 from his perspective), PV must be honest in EPR-
Computation runs, by (v), and his input distribution to both runs has total variation
distance 1 —7’, for some constant " > 0, by (iv).

(vii) Since PV is honest in EPR-Test runs by (ii), and EPR-Computation runs by (vi), the
combined behavior of V and PV in the EPR runs is that of Vgpr in the EPR Protocol, so by
the soundness of the EPR Protocol, PP must be honest in EPR-Computation runs, or get
caught in the EPR-Test runs with high probability.

The following lemma establishes (i), (ii) and (iii).

Lemma 5.3. Suppose the verifier executes the Dog-Walker Protocol with provers (PV™, PP*) such that
the provers are accepted with probability g1 > 1 — ¢ in the Rigidity-Clifford Run, q> in the EPR-Test
Run, g3 in the EPR-Computation Run, and q4 in the Rigidity-Tomography Run. Then there exist provers
(PV’, PP’) such that:

e PV’ and PP’ both apply the honest strategy in the Rigidity-Clifford runs, PV’ applies the honest
strategy in the EPR-Test runs, and PP’ applies the honest strateQy in the Rigidity-Tomography runs;
in particular, the state shared by the provers at the beginning of the protocol is a tensor product of
the honest state consisting of m shared EPR pairs and an arbitrary shared ancilla;

e The provers are accepted with probability q} = q2 — O(poly(¢)) in the EPR-Test Run, q; = g3 in
the EPR-Computation Run, and q) = q4 — O(poly(¢)) in the Rigidity-Tomography Run.

Proof. Using a similar argument as in Lemma 4.4, the strategy of PV* in Rigidity-Clifford
runs, which is also his strategy in EPR-Test runs (Figure 19 Item 1); and the strategy of PP" in
Rigidity-Clifford runs, which is also his strategy in Rigidity-Tomography runs (Figure 20 Item 1);
can both be replaced with the honest strategies. Since the distribution of inputs to PP* in the
Rigidity-Tomography runs and Rigidity-Clifford runs is the same, the success probability in
the Rigidity-Tomography runs is changed by at most O(poly(¢)) by using the honest strategy.
On the other hand, PV*’s input distribution in EPR-Test runs is uniform on X, whereas his
distribution in Rigidity-Clifford runs is given by u. However, from the description of the test

RIGID it is clear that for all W € ™, u(W) > ﬁ for some constant ¢ > 1, thus the total variation

distance between the two distributions is at most 1 — 1. Thus, replacing PV* with the honest

strategy in the EPR-Test runs will change the success probability by at most O(poly(¢)).
Finally, since the provers’ strategy in the EPR-Computation run has not changed, the

acceptance probability in it remains unchanged. O
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Next, we will show that whenever PV™ is honest in the EPR-Test runs this forces PP* to output
(close to) uniformly random {c;};e[;] that are independent of the run type, even given Z. This
will allow us to verify that PP” is unable to signal to PV* whether the run is an EPR Run in the
EPR-Computation run, when PV* is sent Z and ¢. This establishes (iv).

Lemma 5.4. Suppose the verifier executes the Dog-Walker Protocol with provers (PV™, PP*) such that
the initial shared state of the provers consists of m shared EPR pairs, together with an arbitrary shared
auxiliary state; PV" plays the honest strategy in the EPR-Test runs; the provers are accepted with
probability qi in the Rigidity-Clifford Run, q = 1 — ¢’ in the EPR-Test Run, q3 in the EPR-Computation
Run, and q4 in the Rigidity-Tomography Run. Then the input (¢, Z) given by the verifier to PV in the
EPR-Computation runs has a distribution that is within O(¢’) total variation distance of uniform on
{0,1}! x {0, 1}!.

Proof. Let a} denote the X key of the wire to which the i-th T gate is applied, just before the
i-th T gate is applied, and let D; be a random variable defined as follows. If the i-th T gate is
even, let D; = ¢; + a}, where we interpret ¢; and a’ as the random variables representing the
measurement result and key V would get if she chooses to execute an X-test run. If the i-th T
gate is odd, let D; = ¢; + a’, where we interpret ¢; and a; as the measurement result and key
V would get if she chooses to execute an Z-test run. Since PV* is assumed to play honestly in

EPR-Test runs, Dis uniformly distributed in {0, 1}. In particular, we have, for any d z €{0,1},

1

PrD=d,Z=%]= ;.

(5.1)

Let C; be the random variable that corresponds to the measurement output of the i-th T
gadget by PP" in X-test run if the i-th T gate is even, or the measurement output of the i-th T
gadget by PP* in Z-test run if the i-th T gate is odd.

Let TV C [t] be the set of even T gates and T! C [¢] the set of odd T gates. In an X-test Run,
the provers are rejected whenever i € T? and ¢; # d;, and in a Z-test Run, they are rejected
whenever i € T! and ¢; # d;. An EPR-Test Run consists of running one of these two runs with
equal probability, so:

- -

Pr[C # D] < 2¢'. (5.2)

We can express (5.2) as
Pr[(C,Z) # (D, Z)] < 2¢.
We conclude by using the easily verifiable fact that for any random variables X and Y such that

Pr[X = Y] > 1 -2¢’, the total variation distance between the marginal distributions on X and Y
is at most 2¢”. O

Next, we can use the tomography test Tom to establish (v), and then the fact that by Lemma 5.4
the input to PV is not very different in EPR-Computation and Rigidity-Tomography runs to
establish (vi):
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Lemma 5.5. Suppose the verifier executes the Dog-Walker Protocol with provers (PV™, PP*) such
that: PV applies the honest strategy in EPR-Test runs; PP* applies the honest strategy in the Rigidity-
Tomography runs; and the provers are accepted with probability q1 in the Rigidity-Clifford Run, g, = 1—¢’
in the EPR-Test Run, q3 in the EPR-Computation Run, and q4 = 1 — ¢ in the Rigidity-Tomography Run.
Then there exist provers (PV’, PP") such that PV’ applies the honest strateQy in the Rigidity-Tomography
runs and EPR-Computation runs, PP’ applies the honest strateqy in Rigidity-Tomography runs, and the
provers are accepted with probability q; in the Rigidity-Clifford Run, g» = 1 — ¢’ in the EPR-Test Run
and q3 — poly(e) — O(¢’) in the EPR-Computation run.

Proof. The Rigidity-Tomography runs can be seen as V playing the Tomography Game with the
provers, except that whereas PV* gets no non-trivial input in the Tomography Game, in the
Rigidity-Tomography run, he gets random values ¢ and Z on which his strategy can depend. Fix
X, and let {Q?,Z}” be the projective measurement that PV* applies upon receiving ¢, z, X, where

u = (3 , €) is the string of outcomes obtained by PV on the n + ¢ single-qubit measurements he is
to perform according to Step 2 in Figure 19.

By Corollary 3.9, since the provers win the Rigidity-Tomography run with probability 1 — ¢,
for every ¢,Z € {0,1}!, there exist distributions gz ; on " X {x} such that the following is

O(poly(e)):

™ Gg\l/!,)\
E D [trae (1da@VeQL i) laalida 9VRQL)) = D qzz(W',A) ((X) - ) |
“ue{0,1}m Ae{+} i=1

(5.3)
Here we use the notation from Theorem 3.1 and 3.9. The string W' = W(c, Z, i) € =™ is uniquely
determined by ¢, Z, and the outcomes u reported by PV*; indeed it is using this string that PV*’s
answers are checked against the measurement outcomes obtained by PP*, who by assumption
applies the honest strategy. For any fixed (W', A) the distribution on outcomes u obtained in the
“honest” strategy represented by the right-hand side in (5.3) is uniform. Thus the outcomes u
reported by PV* are within poly(¢) of uniform. From this it follows that the joint distribution on
transcripts (¢,Z, u, W = W(c, Z, u)) that results from an interaction with PV* is within statistical
distance poly(¢) of the distribution generated by an interaction with the honest PV; furthermore,
by (5.3) the resulting post-measurement states on PP* are also poly(¢) close to the honest ones,
on average over this distribution.

We can now consider two provers PV” and PP’ who, in Rigidity-Tomography runs, first apply
the isometries V4, Vp from Corollary 3.9, then measure their auxiliary systems Aand B using
Ay, obtaining a shared outcome A € {+}, and finally apply the honest strategy shown in Item 2
of Figure 19 (A = +) or its conjugate (1 = —). Furthermore, conjugating the honest strategy
produces exactly the same statistics as the honest strategy itself, so we may in fact assume that
PV’ and PP’ both apply the honest strategy in Rigidity-Tomography runs.

A consequence of PV’ applying the honest strategy in Figure 19 Item 2 is that PV’ also plays
the honest strategy in EPR-Computation runs. Since PV’ is still honest in the EPR-Test run and
g2 = 1 - ¢/, Lemma 5.4 implies that the distribution of the input to PV’ in EPR-Computation
runs is within poly(e) + O(¢’) total variation distance of his input in Rigidity-Tomography
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runs, therefore the provers’ success probability in EPR-Computation runs changes at most by
poly(e) + O(¢’). O

Finally, we show that if PV is honest, PP must be honest in EPR computation runs, or the
acceptance probability would be low, establishing (vii):

Lemma 5.6. Suppose V executes the Dog-Walker Protocol on an input (Q, |X)) such that ||1_IOQ|J?)||2 <
1/3, with provers (PV, PP) such that PV plays the honest strategy. Let qa be the provers” acceptance
probability in EPR-Test runs. Then the verifier accepts with probability at most p1(1 — 0.) + p2g2 +

p3(5/3 —442/3) + pa.

Proof. With probability p, + p3, V executes an EPR run, in which case, she executes EPR-
Computation with probability and EPR-Test with probability pjfpa . In the former case,
since PV is honest, he is executing Vgp r- In fact, the behavior of an honest PV in the EPR-Test
runs is also that of Vg pg- Thus, the combined behavior of V and PV is that of Vepr. Then the
result follows from Theorem 2.3. O

p3
p2tps

We can now combine Lemmas 5.3, 5.5, and 5.6 to get the main result of this section, the
“soundness” part of Theorem 5.1.

Lemma 5.7 (Constant soundness-completeness gap). There exist constants p1, pa, p3, ps =
1 —p1—p2—p3and A > 0 such that if the verifier executes the Dog-Walker Protocol with parameters

(p1, P2, p3, pa) on input (Q, |X)) such that ||H0Q|9?)||2 < 1/3, then any provers (PV", PP") are accepted
with probability at most psound = Peompl — A

Proof. Suppose the provers PV* and PP" are such that the lowest acceptance probability in either
the Rigidity-Clifford run or the Rigidity-Tomography run is 1 — ¢, and they are accepted with
probability 1 — ¢” in the EPR-Test run, and with probability 1/3 + w in the Computation Run.
Applying Lemma 5.3 and Lemma 5.5 in sequence, we deduce the existence of provers (PV’, PP’)
for which

qi = 1 - O(6C)/
q, =1-¢ —poly(e),

, 1 ,
gy = 3 +w —poly(e) - O(&),
q;=1,

where g7, g7, 9} and g} are their success probabilities in the four types of runs, and 1 — 6. is the
completeness of the rRiGID test; from Theorem 3.1 we have §, = 272"+ Moreover PV’ applies
the honest strategy in all runs, while PP’ applies the honest strategy in the Rigidity-Clifford and
Rigidity-Tomography runs. Applying Lemma 5.6, it follows that

w < O(¢") + poly(e) + p1 - O(6¢)-
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Therefore the prover’s overall success probability is at most

. , 1
min(p, pa)(1 — €) + max(p1, pa) + p2(1 - €') + p3 (§ 4 w)
<Pcompl ~ (% + e’pz +¢ min(p1,p4)) +p3 (O(g’) + poly(e)) + (Pl + p3p1) -0(6,),

where recall from Lemma 5.2 that peompt = p1(1 — 0¢) + p2 + pa + %pg,. Fixing p» to be a large
enough multiple of p1 and of p3 we can ensure that the net contribution of the terms involving
¢’ and 6. on the right-hand side is always non-positive. Choosing p1 = p4 and p3 so that the
ratio p3/p1 is small enough we can ensure that the right-hand side is less than peomp1 — A, for
some universal constant A > 0and all ¢, ¢’ > 0. m]

5.4 Two-prover game for QMA

In this section we propose a new two-prover game for QMA, which is based on the Dog-Walker
protocol. Such type of games are important in the context of the Quantum PCP conjecture [1],
more specifically to its game version that was recently proved [36].

A promise problem L is in QMA if there is a uniform family of quantum circuits {V }xer
such that if x is a yes-instance, then there exists a quantum state [i) € (C2)®”w, such that V,
accepts on input [¢)|0)®"s with probability at least 2 while for a no-instance x and all states
[Y) € (CZ)®n’“, Vy rejects on input [¢)|0)®" with probability at least % The run-time of the
circuit Vy and the values #,, and 1, are polynomially bounded in |x|.

In a multi-prover game for a promise problem L, an instance x € L is reduced to a game
Gy such that if x is a yes-instance, then the maximum acceptance probability in the game is at
least ¢, whereas if x is a no-instance, then the maximum acceptance probability in the game is at
most s, for ¢ > s.

Here, we are interested in multi-prover games where the verifier is classical, the honest
provers run a polynomially bounded quantum computation on copies of an accepting witness
and the completeness-soundness gap ¢ — s is constant. Using the Dog-Walker protocol, we are
able to construct, to the best of our knowledge, the first two-prover game for QMA with these
parameters. In our protocol the Verifier and provers exchange messages of polynomial size in
two rounds of communication, one with each prover.

Our protocol consists in the Verifier running the Dog-Walker protocol, with the following
changes:

e On X-test runs and Z-test runs, the Verifier randomly selects positions where PV has
measured in the Z basis and X basis, respectively, and sends them to PP. PP uses the EPR
pair halves in these positions as the witness register when he executes the circuit V.

e On Rigidity-Computation runs, the Verifier informs PV of the halves of EPR pairs that
should be used to teleport the witness state to PP, and PV reports the outcomes of the
teleportation measurements along with the answers for the original Dog-Walker protocol.
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The Verifier ignores the measurements corresponding to the teleportation and uses the
remaining bits to perform the same checks as in the original Dog-Walker protocol.

e On EPR-Computation runs, the Verifier informs PP of the EPR pair halves that should
be used as the witness when he performs the circuit V. The Verifier also informs PV of
these positions, who should use them to teleport the witness state to PP. The outcomes of
the teleportation measurements are reported to the Verifier along with the answers for
the original Dog-Walker protocol, in order that the Verifier can decrypt the output of the
computation.

The full description of the protocol is presented in Figures 22, 23 and 25, where the differences
to the original Dog-Walker protocol are underlined. We state our result in Lemma 5.8 and
provide a proof sketch for it.

Let x be an instance of a language L € QMA and V, the associated verification circuit. V, takes
as input an 1,,-qubit witness register and an n,-qubit ancilla register. It has ¢ T gates, to of which
are even and t — to are odd (see Section 2.4 for the definition of even and odd T gates).

1. Select a run type EPR or Rigidity, and disjoint sets N“, N9, T?, T! c {1, ..., m} of sizes ny,
ng, to and t — to, respectively.

EPR Choose Z uniformly at random from {0, 1} and send it, along with ¥, N“, N?, T® and T?,

to PP. Receive measurement outcomes ¢ € {0,1}! and c 7 €{0,1} from PP.
Rigidity Choose W’ according to p(-) and send it to PP. Receive ¢’ € {0, 1}" from PP.

2. Select a subrun type at random from Computation, X-test or Z-test. Based on this choice, as
well as the run type (EPR or Rigidity), proceed as in Figure 24.

Figure 22: QMA Protocol: Verifier’s point of view.

1. If PP receives a question W’ from V (he is playing Tom or RIGID):

Measure the m qubits in the observable indicated by W’ — for example, if W’ € £,
fori € {1,...,m}, measure the i-th qubit in the basis indicated by W/ — and report
the outcomes ¢’ to V.

2. If PP receives X, Z, and sets N“,N“, T and T from V (he is playing the role of Pgpg from
the EPR Protocol):

Run prover Pepg from Figure 3c with the V, as the circuit Q, on input Z, the 1, qubits
in N“ as the witness, the n, qubits in N“ as the ancilla, and the ¢t qubits in TOUT!
for T gadgets. Report the outputs ¢ € {0,1} and cr € {0,1} of Pepr to V.

Figure 23: QMA Protocol: Honest strategy for PP.
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Computation Based on whether it is an EPR or a Rigidity Run:

EPR (i) Send %, Z, ¢ and sets N¥, N, T° and T! to PV, and receive measurement
outcomes 7, b € {0,1}"*" and & € {0, 1}*.
(ii) Apply the update rules from Table 2 gate-by-gate to obtain the final X key for the

’ /

output wire a. Ifcy + ag # 0, reject.

-

Rigidity (Tomography) (i) Choose uniform random strings ¢,z € {0,1}, X¥ € {0, 1}"
to send to PV, along with N*, N* and T, and receive measurement outcomes
i,b e {011+ and ¢ € {0, 1}t

(i) From %, ¢, Z, 4, b and 2, determine the adaptive measurements W € T"*
that Vgp r would have performed (based on Figure 3b), and reject if the input-
output pairs (W’,¢’) and (N U T, (W, €)) do not satisfy the winning criterion for

toM(X, n + t, m).

X-test Based on whether it is an EPR or a Rigidity Run:

EPR (i) Choose W € X" uniformly at random among all strings satisfying: W; = Z for
allie NYUN* W; =Zforallie T and W; € {X,Y} foralli € T'. Send W to
PV and receive measurement results ¢ € {0,1}". Let (2,b) = (én, 0").

(ii) Apply update rules from Table 2 gate-by-gate to obtain Vi € [t] the X key before

the i-th T gate is applied, 4}, and the final X key for the output wire, a}. If Ji s.t.

’

the i-th T gate is even and ¢; # a’ + ¢;, reject. If ¢y + a # 0, reject.

Rigidity (Clifford) Choose W according to the marginal conditioned on W’, u(-|W’). Send
W to PV and receive ¢ € {0,1}". Reject if (W’, ¢’, W, €) does not win riGip(¥, m).

Z-test Based on whether it is an EPR or a Rigidity Run:
EPR (i) Choose W € X" uniformly at random among all strings satisfying: W; = X for
allie NYUN* W; e {X,Y}forallie T and W; = Z for all i € T!. Send W to

PV and receive measurement results & € {0, 1}". Let (7, 5) = (0", &x).

(ii) Apply update rules from Table 2 gate-by-gate to obtain Vi € [¢], the X key before
the i-th T gate is applied, a}. If Ji s.t. the i-th T gate is odd and ¢; # 4} + ¢;, reject.

Rigidity (Clifford) Identical to X-test case.

Figure 24: QMA Protocol: Step 2 of Verifier’s point of view. Verifier’s behavior in Step 2 is
determined by the subrun type (Computation, X-test or Z-test) as well as the run type (EPR or
Rigidity).
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1. If PV receives a question W from V (he is playing ricip or an X- or Z-test Run):

Measure the m qubits in the observable indicated by W — for example, if W € I,
fori € {1,...,m}, measure the i-th qubit in the basis indicated by W; — and report
the outcomes ¢ to V.

2. If PV receives X, Z, ¢ and sets N¥, N%, T and T! from V (he is playing Tom or a Computation
Run):

Using the EPR pairs in N%, teleports the witness state |{) that makes V, accept with

high probability. Let (dyw, bnw) be the corresponding outcomes of the teleportation
measurements.

Measure each qubit in N“ in the Z basis with outcomes d and let (@Na, Z;Na) = (;l, 6)

Run the second step of procedure V¢, from Figure 3b with Vi as the circuit Q, and
the values ¢, z, the 1y, qubits in N as the witness, the 1, qubits in N” as the ancilla,

and the t qubits in T° U T! for T gadgets. Report the outputs 7, b and  of VBP g toV.

Figure 25: QMA Protocol: Honest strategy for PV.

Lemma 5.8. There exist universal constants 0 < peompr < 1 and A > 0 such that the following holds.
Let L be a language in QMA and x an instance of L such that n = |x|. Let V be the verification circuit
for this instance and g the number of gates in Vy (in the compiled form as described in Section 2). Then
there exists a two-round interactive protocol between a classical verifier and two entangled provers where
the Verifier sends O(n + g)-bit questions to the provers, the provers answer with O(n + g) bits and the
protocol satisfies the following properties.

Completeness: If x is a yes-instance, then there is a strategy for the provers such that the Verifier accepts
with probability at least pcompl-

Soundness: If x is a no-instance, then for all strategies of the provers, the Verifier accepts with probability
at most Psound = pcompl - A

Proof sketch. The Verifier performs the operations described in Figure 22.

The completeness of the protocol is straightforward: if PP and PV use the strategy in
Figures 23 and 25, respectively, then the Verifier accepts with high probability.

The soundness of the protocol follows from the combination of the soundness of the Dog-
Walker protocol and the soundness of the QMA verification circuit. Along the same lines
as Lemmas 5.3, 5.4 and 5.5, we can show that if the acceptance probability in Rigidity-Test,
Rigidity-Computation and EPR-Test runs is sufficiently high, then there is a strategy where
the provers follow the honest strategy and the acceptance probability in EPR-Computation
run is only slightly changed. In the case where the provers are honest in the Rigidity-Test,
Rigidity-Computation and EPR-Test runs, no matter which state is held by PP as witness state,
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Vi rejects with high probability in the EPR-Computation run, by the soundness of the QMA
verification circuit. The proof of soundness can be completed by repeating the arguments in
Lemma 5.7. O

6 Running our protocols in sequence

In order to make a fair comparison between previous delegated computation protocols and ours
(see Figure 1) the resource requirements are computed under the condition that they produce the
correct outcome of the computation with 99% probability. For most protocols, this is achieved
by sequentially repeating the original version, in order to amplify the completeness-soundness
&ap-

In this section, we describe a sequential procedure that, starting from our protocols in
Sections 4 and 5, ensures that either the verifier aborts, or she obtains the correct outcome of
the computation with probability 99%. Moreover, for honest provers, the probability that the
procedure aborts is exponentially small in the number of sequential repetitions. Our sequential
procedure has a number of rounds which depends on the desired soundness. As long as one
only requires amplification of an arbitrarily small, but constant, soundness, to a fixed constant,
the number of sequential repetitions remains constant.

To emphasize the importance of having such a sequential procedure, we note that, firstly, the
current completeness-soundness gap between acceptance probability on yes and no instances,
for both the leash and the Dog-Walker protocol, is a very small constant. Secondly, if a classical
client wishes to employ our protocols to delegate a computation, we need to specify what
the client interprets, at the end of the protocol, as the outcome of the delegated computation.
The natural approach is to have the verifier interpret accept as a yes outcome and reject as a
no outcome. However, this is not enough, as our security model based on the constant gap
between acceptance probability for yes and no instances means that, while the provers have a
low probability of making the verifier accept a 1o instance as a yes, they can always make the
verifier accept a yes instance as a no, simply by behaving so that they are rejected.

The first point is addressed by running copies of the original protocol in sequence to amplify
the completeness-soundness gap. The second point is addressed by having the verifier run the
protocol twice: once for the circuit Q, and once for the circuit Q’ defined by appending an X
gate to the output wire of Q. If f : X — {0, 1} for some X C {0,1}" is defined by f(x) = 1 if
ITLQ|x)|I> = 2/3, and f(x)=0if ITIoQ|x)||> < 1/3, i.e., Q decides f with bounded error 1/3,
then it is easy to see that Q” decides 1 — f with bounded error 1/3. Thus, the verifier will accept
x as a yes instance of f if the protocol outputs accept when running Q on x and outputs reject
when running Q’ on x. The verifier accepts x as a no instance of f if the protocol outputs reject
when running Q on x and outputs accept when running Q’ on x. The verifier aborts if she sees
accept-accept or reject-reject.
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6.1 Sequential version of our protocols

Let P denote either the Verifier-on-a-Leash or the Dog-Walker protocol from Sections 4 and 5,
respectively, and let c and A denote the completeness and the completeness-soundness gap,
resp. Let x be a security parameter.

Protocol Seq(P, ¢, A, k): Let (Q, x) be the verifier’s input.

1. The verifier runs k copies of protocol P in sequence on input (Q, x) with PP and PV. Then
she runs x copies in sequence on input (Q’, x).

2. Leto, 5 e {0,1}* be such that o; = 1 iff the i-th copy on input (Q, x) accepts, and 0; = 1 iff
the i-th copy oninput (Q’, x) accepts. Letwt(6) and wt(d) be their Hamming weights. Then,
the verifier accepts 1 as the outcome of the delegated computation if wt(0) > (¢ — %) -k and

wt(g) <(c- %) -k, and she accepts 0 as the outcome of the computation if wt(3) < (c— %) K

and wt((:;) > (c— %) - k. Otherwise the verifier aborts.

Figure 26: Sequential version of our protocols

We state and prove completeness and soundness for the sequential protocol.

Theorem 6.1. Let c and A be respectively the completeness and completeness-soundness gap of protocol
P. On input (Q, x):

e If the provers are honest,

Ak

Pr (Seq(P, c, A, x) outputs f(x)) > 1 —2exp (—T) )

e For any cheating provers,

A%k
Pr (Seq(P, ¢, A, x) outputs 1 — f(x)) < exp < |

Proof. We first show completeness. Let s = ¢ — A be the soundness of protocol P. Suppose
f(x) =1 (the case f(x) = 01is analogous). If the provers are honest, then the probability that the
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verifier outputs 1 is:

Pr(Verifier outputs 1) = Pr (wt(B) > (C - %) kA wt() < (c - %) . K)

21—Pr(wt(5)< (c—%)-K)—Pr(wt(g)Z (c—%)-x)

A2
>1-2exp (—TK)

by the Azuma-Hoeffding inequality (Theorem 2.1).

Next we show soundness. Again suppose f(x) = 1 (the case f(x) = 0 is analogous). Let
W; be an indicator random variable for the event 6; = 1, and let F; = W; — 5. One might be
tempted to immediately assert that E(F;|F;1, .., F1) < 0. However, because of the sequentiality
of the runs of protocol P, this is not in general true, and an analysis that treats protocol P as a
black-box does not suffice when P is the verifier-on-a-leash protocol (because such a protocol is
blind). We argue more precisely that E(F;|F;_1, .., F1) < 0:

e When P is the Dog-Walker protocol from Section 5 (which is not blind): suppose for a
contradiction that there were provers PV and PP, and a j such that E(F;|F;_1, .., F1) < 0.
Then one can construct provers PV’ and PP* which break the soundness of protocol P.
Namely PV’ and PP’ simulate j — 1 runs of protocol P. They then respectively invoke
PV and PP and forward to them the transcripts previously generated. PV’ and PP’ then
participate in the challenge protocol P by forwarding all of the incoming messages to the
invocations of PV and PP, respectively. By the initial hypothesis, such PV’ and PP’ would
break the soundness of P.

e When P is the Verifier-on-a-leash protocol from Section 4: the key observation is that
protocol P remains sound even when x is revealed to the provers. Then, notice that if it is
possible for provers to force E(F;|Fj-1, .., F1) < 0 when x is not revealed, it is clearly also
possible to do so when x is revealed. However, the latter is not possible, by an analogous
reduction to the one for the dog-walker protocol.

Define Xy = 0and X, = Zle F;, for ¢ =1, .., k. The the sequence { X/} constitutes a supermartin-
gale with | X, — Xy_1| = |F¢| < 1 V{. Hence by the Azuma-Hoeffding inequality (Theorem 2.1),
forany x > land f > 0, Pr(X, > t) < exp(—%). This implies that

K K )
t
Pr E Wij—x-s>t|=Pr E Fi>t :Pr(XKZt)SeXp(_ﬂ)'
j=1 j=1
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Then, for any provers PP and PV,

> A
Pr(Verifier outputs 0) < Pr (wt(0) > (¢ - E) . K)

= A
=Pr ZWJ‘Z(C—E)'K
=1

e

Finally, one can check that when P is the verifier-on-a-leash protocol, then Seq(P, c, A, k)
remains blind. This follows from a similar argument as in the proof of Lemma 4.6.

A Some simple tests

In this appendix we collect simple tests that will be used as building blocks. In Section A.1 and
Section A.2 we review elementary tests whose analysis is either immediate or can be found in
the literature. In Section A.3 we formulate a simple test for measurements in the Bell basis and
the associated two-qubit SWAP observable. Finally, in Section A.4, we show how to extend the
results from [35] to derive a robust self-test for the m-qubit Pauli group.

A.1 The Magic Square game

We use the Magic Square game [29] as a building block, noting that it provides a robust self-test
for the two-qubit Weyl-Heisenberg group (see Section 2.1 for the definition). A question in
this game is specified, either by a label corresponding to an entry from the square pictured in
Figure 27 (9 questions, labeled IZ, etc.), or by a triple of labels corresponding to the same row or
column (6 questions, labeled (IZ, XI, XZ), etc.); there are 15 questions in total. An answer is
composed of three values in {+1}, one for each of the labels making up the question. Answers
from the prover should be entrywise consistent, and such that the product of the answers
associated to any row or column except the last should be +1; for the last column it should
be —1. The labels indicate the “honest” strategy for the game, which consists of each prover
measuring two half-EPR pairs using the commuting Pauli observables indicated by the labels of
his question.
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17 | ZI | ZZ
XI | IX | XX
XZ | ZX | YY

Figure 27: Questions, and a strategy, for the Magic Square game

The following lemma states some properties of the Magic Square game, interpreted as a
self-test (see, e. g., [40]).

Lemma A.1. Suppose a strategy for the provers, using state () and observables W, succeeds with
probability at least 1 — ¢ in the Magic Square game. Then there exist isometries Vp : Hp —
(C?>® C?)p ® Hj, for D € {A, B} and a state |aux) 5 € Hy ® Hy such that

(V4 ® VB)l)as — [EPRYEZ, [aux)z5)° = O(Ve),

and for W € {I, X, Z}> U {YY},

[(W = ViowVa) @ Ids [)]* = O(Ve).

A.2 Elementary tests

Figure 28 summarizes some elementary tests. For each test, “Inputs” refers to a subset of
designated questions in the test; “Relation” indicates a relation that the test aims to certify (in
the sense of Section 3.1); “Test” describes the certification protocol. (Recall that all our protocols
implicitly include a “consistency” test in which a question is chosen uniformly at random from
the marginal distribution and sent to both provers, whose answers are accepted if and only if
they are equal.)

THEORY OF COMPUTING, Volume 20 (3), 2024, pp. 1-87 69


http://dx.doi.org/10.4086/toc

ANDREA COLADANGELO, ALEX B. GRILO, STACEY JEFFERY AND THOMAS VIDICK

Test iD(A, B):

e Inputs: A, B two observables on the same space H.
e Relation: A = B.

e Test: Send W € {A, B} and W’ € {A, B}, chosen uniformly at random, to the first and
second prover, respectively. Receive an answer in {+1} from each prover. Accept if and
only if the answers are equal whenever the questions are identical.

Test ac(X, Z):

e Inputs: X, Z two observables on the same space H.
e Relation: XZ = -ZX.

o Test: Execute the Magic Square game, using the label “X” for the “XI” query and “Z”
for the “ZI” query. All other queries, such as IZ, or (IZ,ZI, ZZ), are sent together
with the pair (X, Z). (So, for example, the query “ZI” in the Magic Square becomes “Z”
here, whereas the query “IZ” becomes “IZ, (X, Z)”, where the first IZ are simply letters,
whereas in (X, Z) the X and Z should be replaced by the inputs to this test.)

Test com(A, B):

e Inputs: A, B two observables on the same space H.
e Relation: AB = BA.

e Test: Send W € {A, B} chosen uniformly at random to the first prover. Send (A, B) to the
second prover. Receive a bit ¢ € {+1} from the first prover, and two bits (a’,b") € {+1}>
from the second. Acceptif and onlyifc=a"if W=A,andc =b"if W = B.

Test proD(A, B, C):

e Inputs: A, B and C three observables on the same space H.
e Relations: AB = BA =C.
o Test: Similar to the commutation game, but use C to label the question (A, B).

Figure 28: Some elementary tests.

Lemma A.2. Each of the tests described in Figure 28 is a robust (1, 0) self-test for the indicated relation(s),
for some & = O(e'/?).

Proof. The proof for each test is similar. As an example we give it for the commutation test
coMm(A, B).

First we verify completeness. Let A, B be two commuting observables on Ha = Hg = H,
and |[EPR)ag the maximally entangled state in Ha ® Hg. Upon receiving question A or B, the
prover measures the corresponding observable. If the question is (A, B), he jointly measures A
and B. This strategy succeeds with probability 1 in the test.
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Next we establish soundness. Let [{) € Ha ® Hg be a state shared by the provers, A, B their
observables on questions A, B, and {C*'} the four-outcome PVM applied on question (A, B).
Assume the strategy succeeds with probability at least 1 — ¢. Recall that this includes both the
test described in Figure 28, and the automatic consistency test. Let C4 = Y, ,(~1)*C** and
Cp = Za,b(—l)bC”'b. Then C4 and Cg commute. Thus

ApBa ®1dg ~,; Ap ® (Cp)p
~z 1da ®(Cp)s(Ca)s
=1da ®(Ca)s(Cp)s
~: BA®(Ca)s
e BaAa ®1dp .

Here each approximation uses the consistency condition provided by the test, as explained
in (3.3). Thus [A, B] = (AB — BA) ~z 0, as desired. O

We will often make use of the following simple lemma, which expresses an application of
the above tests. Recall the notations [A, B] for AB — BA and {A, B} for AB + BA.

Lemma A.3. Let |) € Ha ® Hp and A, X observables on Hu such that there exists an isometry
Hy~C?*® ‘H}; under which the following conditions hold, for some 61, 62, 63:

(i) There exists an observable A’ on Hp such that A ® Id =5, Id ® A’;
(ii) |¢) =5, |EPR)|aux) and X =5, ox ® Id;
(iii) [A, X] =5, O;
(iv) {A, X} =5, 0.

Then there exist Hermitian Aj, Ax, Ay, Az on 7{;\ such that A =5 45, Id®A1 + 0x ® Ax and
A =546, 0y ® Ay + 07 ® Az. (A similar claim holds with X replaced by Z.)

Proof. Afterapplication of the isometry, an arbitrary observable A on C2@%H, 3 has adecomposition
A=Y (1,x,v,z} op ® Ap, for Hermitian operators Ap on Hj;. We can compute

[A,0x®1d] = —2i07 ® Ay +2i 0y ® Ay, (A1)
{A,ox®Id} =20x ® A; + 207 ® Ax. (A.2)

Assumptions (i) and (ii) imply [A, X] =5, [A, ox ® 1d], so by (iii) and (A.1) we get || Ay|aux)||* +
|AZz|aux)||?> = O(61+62). Similarly, (iv) and (A.2) give || Ar|aux)||?+||Ax|aux)[|? = O(61+63). O

>Note that we allow either 6; to equal 1. The lemma is interesting when 61 and either 65 or 63 is small (but it is
correct for all triples of values in [0, 1])
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A.3 The Bell basis

Given two commuting pairs of anti-commuting observables {X;, Z1} and {X», Z,} we provide a
test for a four-outcome projective measurement in the Bell basis specified by these observables,
i.e., the joint eigenbasis of X1X, and Z;1Z,. The same test can be extended to test the “SW”
observable,

1
SW = E(Id +X1Xa + 2125 = (X121)(X2Z2)), (A.3)

which exchanges the qubits specified by each pair of observables. The Bell measurement test
described in Figure 29 tests for both.

Test BeLL(X1, X5, Z1, Z5):

e Inputs: For i € {1,2}, {X;, Z;} observables, {® }apefo1} a four-outcome projective
measurement, and SW an observable, all acting on the same space H.

e Relations: for all a,b € {0,1}, @ = I(Id+(-1)"Z1Z,)(1d +(-1)"X1X>), and SW =
(I)OO +q)Ol +(D10_q)11.

o Test: execute each of the following with equal probability:

(a) Execute the Magic Square game, labeling each entry of the square from Figure 27
(except entry (3, 3), labeled as Y1Y2) using the observables X, Z; and X3, Z».

(b) Send @ to one prover and the labels (X1X>, Z1Z;, Y1Y>) associated with the third
column of the Magic Square to the other. The first prover replies with a,b € {0, 1},
and the second with ¢, d, e € {£1}. The referee checks the provers’ answers for the
obvious consistency conditions. For example, if the first prover reports the outcome
(0,0), then the referee rejects if (¢, d) # (+1, +1).

(c) Send @ to one prover and SW to the other. The first prover replies with a,b € {0, 1},
and the second with ¢ € {£1}. Accept if and only ¢ = (=1)2P.

Figure 29: The Bell measurement test.

Lemma A.4. The test BELL(X1, X2, Z1, Z3) is a robust (1, 6) self-test for the Hermitian operators X,
Xa, Z1, Zo, {®"}, pejo,1y and SW and the relations

R = {{q)ab}a,be{f)/l} € Proj, SW e ObS}

oot = 31(1 + () ZZa) (14 (1) X Xo) |
U {SW=0" + " + 00 — @'},

for some 6(¢) = O(Ve).
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Proof. Completeness is clear: the provers can play the honest strategy for the Magic Square
game, use a measurement in the Bell basis on their two qubits for ®, and measure the observable
in (A.3) for SW.

For soundness, let [¢) € Ha ® Hg, {WiW; : W, W’ € {I, X, Z}}, {®*} and SW denote a
state and operators for a strategy that succeeds with probability at least 1 — ¢ in the test. From
the analysis of the Magic Square game (Lemma A.1) it follows that the provers” observables
X1X> and Z1Z; associated to questions with those labels approximately commute, and are each
the product of two commuting observables X1, IX, and Z11, I1Z;, respectively, such that X1
and Z11, and IX; and 1Z;, anti-commute; all approximate identities hold up to error Oe).

Since X1X; and Z1Z; appear together in the same question (the last column of the Magic
Square, Figure 27), each prover has a four-outcome projective measurement {W4} jc(01)
such that Y ,(-1)W4 = X1 X, and Y .(-1)?W? = Z,Z,, from which it follows that W¢? =
1/ + (1) Z1Z2)(1 + (1) X1 Xa).

The prover’s success probability in part (b) of the test is then

1

D IO @W ) = 3 (IO © Z(1+ (-1)'Z1Z2) (1 +(-1)" X1 Xa) ).

a,b a,b
Using that, by assumption, {®} is a projective measurement, the condition that this expression
be at least 1 — O(¢) implies

1
D" ®1d ~,; Id @ (1+(=1)"Z1Z:) (1 + (-1)" X1 Xa).

Combining this with the implicit consistency test yields the first relation. The last is guaranteed
by part (c) of the test, which checks for the correct relationship between SW and ®; the analysis
is similar. m]
A.4 Multi-qubit tests
In this section we formulate a robust self-test for the m-qubit Pauli group. The result is an
extension of the results from [35] to allow testing of oy observables.
A.4.1 The m-qubit Weyl-Heisenberg group

We start by giving a self-test for tensor products of ox and oz observables acting on m qubits,
i. e., the m-qubit Weyl-Heisenberg group H™ (see Section 2.1). Let ") denote the relations
m
PUX 7} = {W(a) cObs: We | [(X;,2}, ae {o,1}m}

i=1

m
U {W(a)W’(a’) = (-)EWE=DIW W) - W W e [ (X0, 20, 0,0 € {0,1}*"}
i=1

U {W(a)W(a’) —Wa+a): We ﬁ[{xi,zi}, a,a € {o,1}m}.
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Recall the notation W(a) for the string that is W; when a; = 1 and I otherwise. The set of relations
on the second line expresses the canonical anti-commutation relations. The last set of relations
expresses the obvious relations ow Id = Id o and GIZ/V =1d, for W € {X, Z}, coordinate-wise.
It is easy to verify that P") forms a defining set of relations for ). Our choice of relations
is suggested by the Pauli Braiding Test introduced in [35], which shows that the relations are
testable with a robustness parameter 6(¢) that is independent of m. The test is denoted pT(X, Z).
For convenience here we use a slight variant of the test which includes more questions and more
answers; the test is summarized in Figure 30.

Test pB1(X, Z):
e Inputs: (W, a), for W € [1"2,{X;, Z;} and a € {0,1}".
e Relations: P"{X, Z}.

o Test: Perform the following with probability 1/3 each. In each test, the question to a prover
takes the form W or (W, a) for W, a as above. The answer from the prover is an m-bit
string ¢ € {0, 1}" or a single bit d € {0, 1}, respectively.

(@) Select W, W’ € [1;{X;, Z;},and a,a’ € {0, 1}, uniformly at random. If {i : W; # WA
a; = a; = 1} has even cardinality then execute test com((W, a), (W’,a’)). Otherwise,
execute test ac(W,a), (W’,a’)).

(b) Select (a,a’) € {0,1}" and W € []7.,{X;, Z;} uniformly at random. Execute test
proD((W,a), W,a’), (W,a +a’)).

(c) Select W € [17,{X;, Z;} and a € {0, 1}"" uniformly at random. Send W to one prover,
receiving a string c as answer, and (W, a) to the other, receiving a bit d. Accept if and
only if d = ¢ - a, the inner product modulo 2.

Figure 30: The Pauli braiding test, pe1(X, Z).

Lemma A.5 ([35]). The test per(X, Z)is a robust (1, 0) self-test for P X, Z}, for some 5(e) = O(&'/?).
Moreover, suppose |¢) € Ha ® Hg and W(a) € Obs(Ha), for W € {X,Z}" and a € {0,1}",
and projective measurements {W¢}ceqo,1y» on Ha, for each W € {X,Z}™, specify a strategy for
the provers that has success probability at least 1 — ¢ in pBT(X,Z). Then there exist isometries

Vp : Hp — ((C*)®™)p ® 7—A([),for D € {A, B}, such that

1(Va ® Vi)[W)as — [EPRYE |aux)ss|* = O(Ve),

and on expectation over W € {X, Z}",

B [V @ = Viow(@ @1d)Va) o 1ds [9)][" = OWE), (A4)
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and

DT (We = Vi(of, @ 1d)Va) @ 1ds [ = O(Ve) . (A.5)
ce{0,1}m

The fact that the test specified in Figure 30 self-tests the relations P"){X, Z} follows
immediately from the definition of P(’“){X ,Z} and the analysis of the tests com, prop and
Ac given in Section A.2. The remainder of the lemma follows directly from Theorem 13 and
Theorem 14 in [35]. The only part not present in [35] is the last part, which considers the
POVM obtained from requiring a prover to report the outcome for each of its m single-qubit
measurement (as opposed to its inner product with the string a). Eq. (A.5) follows from part (c)
of pB1(X, Z) and the preceding parts of the lemma.

The next lemma is an extension of Lemma A.3 to the case of multi-qubit Pauli observables;
the lemma avoids any dependence of the error on the number of qubits, as would result from a
sequential application of Lemma A.3.

Lemma A.6. Let m be an integer and ¢ € {0, 1}". Let |) € Ha ® Hp be a state and A and X (a), for
a € {0,1}", observables on Hpy such that there exists an isometry Hy =~ (C?H®" @ H.  under which the
following conditions hold, for some 01, 62, 03:

(i) There exists an observable A’ on Hp such that A ® Id =5, Id ®A’;
(ii) |¢) =5, |EPR)Y®™|aux), and X(a) ~s, ox(a) ® Id;
(iii) [A, X(a)] =5, 0;
(iv) Conditionedona-c =1,{A,X(a)} =5, 0;

where conditions (ii) and (iii) are meant on average over a uniformly random a € {0,1}™, and the last
over a uniformly random a such that a - ¢ = 1. Forany P € {I, X,Y, Z}" let xp € {0, 1} be such that
(xp)i = 1ifand only if P; € {Y,Z}. Then there exists Hermitian Ap, for P € {I,X,Y,Z}", on Hj
such that

A =51+60 Z op ® Ap, and A ~51+63 Z op @ Ap. (A.6)
Pe{l, X} Pe{I,X,Y,Z}":
ci=1 = P;e{Y,Z}
ci=0 = P;e{l[,X}

(A similar claim holds with the roles of X and Z exchanged.)

Proof. After application of the isometry, an arbitrary observable A on (C?)®" ® H, has a
decomposition A = Y. (,x,y,zym 0p ® Ap, for Hermitian operators Ap on Hj. Then the
analogue of (A.1) is

[A, ox(a)®1d] =2 Z opox(a) ® Ap.

P:a-xp=1
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Using that any string xp which is not the 0" string satisfies a - xp = 1 with probability almost
1/2 for a uniform choice of a, orthogonality of the opox(a) for distinct P lets us conclude the
proof of the first relation as in Lemma A.3. Similarly, the analogue of (A.2) gives

(A, ox(a)®Id} =2 Z opox(a) ® Ap.

P:a-xp=0

Using that any string xp which is not c satisfies a - xp = 0 with probability almost 1/2 for a
uniform choice of 2 such that a - ¢ = 1, orthogonality of the opox(a) for distinct P lets us conclude
the proof of the second relation. O

A.4.2 The parallel Bell test

Before we move on to a test for the full Pauli group, including not only X, Z but also Y
observables, we use the Pauli braiding test introduced in the previous section to develop a
multi-qubit version of the Bell test from Section A.3.

Let k > 1 and m = 2k. Let 7 be a bijection of {1, ..., m}, which we interpret as a pairing
of the qubits: fori € {1,...,m}, qubit 7(2i — 1) is paired with qubit 7(2i). The test PARBELL(7)
described in Figure 31 certifies that an m-qubit measurement performed by a prover is consistent
with a measurement of each pair of qubits (as specified by 7) in the Bell basis.

The test has three components. In part (a) we execute the test peT(X, Z) in order to enforce an
m-qubit structure and the existence of tensor product observables X and Z on them, from which
the Bell basis is defined as in Section A.3. In part (b) we introduce questions W such that each
pair of indices paired by 7 contains the same label, XX or ZZ. Since such question labels have
exponentially small probability under the uniform distribution, part (b) checks for consistency
against a uniformly random question, for all those locations where the bases happen to match.
In part (c) we ask one prover to measure in the Bell basis and check their results against those
reported by the other prover when asked to perform a measurement of the same type as in
part (b). Since the Bell basis is characterized as the joint eigenstates of XX and ZZ operators,
checking consistency of these outcomes is enough the characterize the measurement.
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Test PARBELL(7). 7T is a permutation on {1, ..., m} where m = 2k.
Execute each of the following with equal probability:

(a) Execute rB1(X, Z).

(b) Select W € {X,Z}" uniformly at random conditioned on W;p;—1) = Wy for each
ie{l,...,m}. Let W € {X, Z}" be such that Wr/(zi—l) = Wri-1y and W/ . is uniformly

7(2i)
random in {X, Z} for each i. Similarly, let W” be such that WT’EZZ.) = Wy(2i) and W/

..\ 1S
7(2i-1)
uniformly random. Send W to one prover and either W’ or W” (with probability half each)
to the other. Receive a € {0,1}" from the first prover and b € {0,1}" from the second.
Accept if and only if for each i € {1,..., k}, a;(2i-1) = br(2i-1) in case W’ was sent, and

72y = br(2i) in case W” was sent.

(c) Select W € {X,Z}" uniformly at random conditioned on W;p;_1) = Wy(; for each
i €{l,...,m}. Send W to a prover and (¥, 7) to the other, where @ is a label that
means “measure in the Bell basis” with the qubits being paired according to 7. Receive
a € {0,1}" from the first prover and b € {00,01,10,11}¥ from the second. Accept if
and only if, whenever W;;_1)W;(2;) = XX then a;_1) ® a2i) = by(2i-1) and whenever
Wri-1)yWri) = ZZ then a,i_1) @ a2i) = b(2i)-

Figure 31: The parallel bell test, PARBELL(7).

Lemma A.7. Let k > 1 and © a permutation on {1, ..., k}. Suppose given a strategy for the provers
that succeeds with probability at least 1 — ¢ in test PARBELL(7). Let V4 and Vp be the isometries obtained
from Lemma A.5. Then

(@5 - Vi(®i0% )Va) ®1ds )| = O(Ve),
be{00,01,10,11}*

where {®y }y, is the POVM applied by a prover upon question (@, 7) and ng‘ denotes the projection on
the joint eigenvector of 0x 1(2i-1)0X (2i) Ad 07 1(2i-1)07,(2i) With associated eigenvalues b;.

Proof sketch. For ease of notation we give the proof when 7 is the identity, the general case being
similar. Isometries V4 and Vg satisfying the conclusions of Lemma A.5 are obtained from part
(a) of the test. Using the conclusion of Lemma A.5 it follows that on average over W € {X, Z}",

>0 (We = Vi(of, @ 1d)Va) @ 1ds W|* = oWe). (A7)

ce{0,1}m

Part (b) of the test allows us to claim the same consequence, on average over W € {XX, ZZ}k.
This can be seen as follows. For W € {X,Z}" and c € {0,1}* let Wc(l) be the sum of all W
over ¢’ € {0,1}" such that cp;_, = ci foreachi e {1,...,k}, and define WC(Z) analogously, using
the condition cj; = ¢; . Using that both W’ and W” in part (b) are uniformly distributed,
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applying (A.7) and marginalizing over half the outcomes we get that on average over the choice
of W e {X,Z}",

DW= Vio) @ 1d)Va) @ Ids w|* = oWe) . (A.8)
ce{0,1}k

A similar relation holds for WC”(Z). Recall that measurement operators used by the provers are
always assumed projective. Thus for W, W’, W” chosen as in part (b) it holds that W, = WC(,1 W@

CH
where ¢’ and c¢” are the odd and even substrings of ¢, respectively. Using this relation and (A.8)
for both W' and for W' we deduce that success in part (b) implies that on average over

W e {XX,ZZ},

D0 | (We = Vi(of, @ 1d)Va) @ Ids W|° = oWe). (A.9)
ce{0,1}m

To conclude the proof of the lemma we note that in the honest case

k
b —_ 4 d 4’
‘o = ® ( Z X1 ® G%,Zi) ' ( Z 97,0i-1% GZ,Zi) : (A.10)

i=1  c®c’=byi1 ded’=by;

This is precisely the relation checked in part (c). Thus the conclusion of the lemma follows
from (A.9), (A.10) and success in part (c). O

A.4.3 The m-qubit Pauli group

We will use an extended version of the Pauli braiding test introduced in Section A.4.1 which
self-tests a third observable, Y;, on each system. Ideally we would like to enforce the relation
Y; = V=1X;Z;. Unfortunately, the complex phase cannot be tested from classical correlations
alone: complex conjugation leaves correlations invariant, but does not correspond to a unitary
change of basis (see [38, Appendix A] for a discussion of this issue).

We represent the “choice” of complex phase, V-1 or its conjugate —V~1, by an observable
A that the prover measures on a system that is in a tensor product with all other systems on
which the prover acts. Informally, the outcome obtained when measuring A tells the prover to
use Y =iXZ or Y = —iXZ. While strategies determining the complex phase in such a way can
certainly not be prevented, the goal of the test is to ensure that the provers have exactly that
much freedom, and no more.

We first introduce Y and test that the triple {X,Y,Z} pairwise anticommute in each
coordinate. This corresponds to the following set of relations:

PX Y, 7} = {W(a) €Obs: We{l,X,Y,Z)", ae {0,1}’“}
U {W(a)W’(a’) = (DWW A= (YW (a) = W, W' € {1, X,Y,Z}", a,a’ € {0, 1}’"}

U {W(a)W(a’) “W(a+a): We{l,X,Y,Z}", a,a’ € {0, 1}m} :
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Test pB1(X, Y, Z):

e Inputs: W e [ {I;, X;,Y;, Z;}

e Relations: P"{X,Y, Z}.

o Test: Perform the following with equal probability:

(a) Execute test pBT(X, Z).
(b) Let W € {X, Z}" be chosen uniformly at random. Let W’ = Y.

(i) Let c, ¢’ € {0,1}™ be chosen uniformly at random. If ¢ - ¢’ = 0 then execute

com((W, c), (W’,c’)). If c - ¢’ = 1 then execute ac((W, c), (W', c’)).
(ii) Select (a,a’) € {0,1}™. Execute test proo((W’, a),(W’,a’), (W', a + a’)).

(iii) Select W” e {I, Y}" uniformly at random. Let ¢ be the indicator of the positions
in W” such that W” = 1. Send one prover the string W” and the other the pair
(W’, c). Let d be the string reported by the first prover and e the bit reported by
the second. Accept if and only ife = c - d.

(c) Select W € {X,Z}" and ¢ € {0,1}" uniformly at random. Let W' € {I, X, Y, Z} be
such that Wl.’ = W; whenever ¢; = 1, and Wl.’ is uniform in {I, Y} otherwise. Let W”
be equal to W’ with the positions in which W’ equals X or Z replaced by a uniformly
random entry in {I, Y}. Send one of W, W/, W” at random to a prover, and another
one to the other. Accept if and only if the prover’s answers associated with identical
coordinates are identical.

(d) Select a random permutation o € &,,/2, and W € {I, Y}" uniformly at random. Write
W = WiW,, where Wi, W, € {I,Y}"/2. Let W} be the string Wi with its entries
permuted according to 0. Do the following with equal probability:

(i) Send one prover WiW/ and the other either WiW, or W, W/ (chosen with
probability 1/2), and check consistency of the first or second half of the provers’
answer bits, respectively.

(i) Execute the test ParBeLi(7), where for i € {1,...,m/2}, ©(2i — 1) = i and
t(2i) = o(i).

(iii) Send one prover WiW?, and the other (®, 7). The first prover replies with
a € {0,1}"™ and the second with b € {00,01,10,11}"/2. Foreachi € {1,...,m/2}
such that b; = 00, check that a; = a,,/214(i)-

(iv) Let W' € {X, Z}"™ be chosen uniformly at random. Send one prover W’ and
the other (¥, 7). The first prover replies with a € {0, 1} and the second with
b € {00,01,10,11}"™/2. For each pair (i,m/2 + o(i)) such that W/ = Wn/1/2+a(i) and

b; = 00 check that a; = a,,/244(i)-

Figure 32: The extended Pauli braiding test, (X, Y, Z).
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The test is described in Figure 32. It has four components. Part (a) of the test executes test
peT(X, Z), which gives us multi-qubit Pauli X and Z observables. Part (b) of the test introduces
Y™ (c) observables, and uses commutation and anti-commutation relations with X and Z to
force Y™ to respect the qubit structure obtained from part (a); the analysis of this part is based
on Lemma A.6. Part (c) of the test, while not strictly necessary for our applications, justifies
the test’s name, by introducing an observable associated with any tensor product of Paulis and
testing it for consistency against the observables tested in parts (a) and (b).

Part (d) of the test is meant to control the “phase” ambiguity in the definition of Y(c) that
remains after the analysis of part (b). Indeed, from that part it will follow that Y(c¢) =~ oy(c)® A(c),
where A(c) is an arbitrary observable acting on the ancilla system produced by the isometry
obtained in part (a). We would like to impose A(c) = A'; | for a fixed observable Ay which
represents the irreducible phase degree of freedom in the definition of Y, as discussed above. To
obtain this, part (c) of the test performs a form of SWAP test between different Y(c) observables,
enforcing, e. g., that Y(1,0, 1) is consistent with Y(1, 0, 0) after an appropriate Bell measurement
has “connected” registers 1 and 2. The Bell basis measurements are tested using PARBELL(7)
from the previous section.

Claim A.8. Let A € Obs(f[Zf\1 ®- - ~®Cik ®@H)and B € Obs((IZZB1 ®- - -®CZBk ®H) be k-qubit observables

acting on distinct registers A;, Bj, as well as a common space H, and Ppp = ]_[;-‘:1 |[EPRXEPR|4; 5, the
projector on k EPR pairs across registers A’ and B’;. Then

( (R)(EPR|4 4, (EPR|5,6, ® I ) ((A/m ®1dp ) (1da ®Bpy) ® @A,B,)
j
1 ! D’
- (® [EPR), 4/ [EPR)g 5, ® Idﬂ) = o Z Tr(A;B;)AB], (A11)
] 1

where we write A = }; A; ® Al and B = }; B; ® B, for A; on Ha, B; on Hp, and A’, B} on H.

Proof. We do the proof for k = 1, as the general case is similar. Using that for any operators Xag
and YA‘B’ , 1
(EPR|aa (EPR|gg (Xas ® Yas) |[EPR)Ax|EPR)gg = ZTr(XYT),

the left-hand side of (A.11) evaluates to
47 Trag ((Aaz ® Idg ) (Ida ®Bgy) (Ppg ® Idgy ),
which using the same identity again gives the right-hand side of (A.11). O

Lemma A.9. Suppose |) € Ha ® Hg and W(a) € Obs(Ha), for W € {I,X,Y,Z}" and a € {0,1}",
specify a strategy for the provers that has success probability at least 1 — ¢ in the extended Pauli braiding

test pT(X, Y, Z) described in Figure 32. Then there exist isometries Vp : Hp — ((C*)®™)p ® 7?5, for
D € {A, B}, such that

1(Va ® Vi)[w)as — [EPRYEE |aux)5* = O(Ve),

THEORY OF COMPUTING, Volume 20 (3), 2024, pp. 1-87 80


http://dx.doi.org/10.4086/toc

VERIFIER-ON-A-LEASH: NEW SCHEMES FOR VERIFIABLE DELEGATED QUANTUM COMPUTATION

and on expectation over W € {I,X,Y, Z}",

E

vty (W(a) = Vi(ow(a) ® Aw(a)Va) ® 1ds [)|* = O(Ve), (A.12)

where Aw(a) = [1; A% € Obs(H) are observables with Ax = Az = 1d and Ay an arbitrary observable
on H such that
||Ay ® Ay|aux) — |Aux)||2 = 0(Ve).

Proof sketch. The existence of the isometries V4 and Vg follows Lemma A.5 and part (a) of
PBT(X, Y, Z). Under this isometry we have W(a) ~,; ow(a), on average over uniformly random
W e {X,Z}" and a € {0,1}", and moreover W, ~ o}, on average over uniformly random
W e {X,Z}™".

Applying Lemma A.6, the anti-commutation relations between Y”*(c) and W(c) verified in
part (b)(i) of the test imply that under the same isometry,

Y(c) = oy(c) ® A(c) , (A.13)

for some observable A(c) on H;. Here Y(c) is shorthand for Y”(c). This is because, for any c,
the test verifies that condition (iv) in Lemma A.6 is satisfied, where X in the lemma is replaced
by any W € {X, Z}" (more precisely, the condition holds on the average, for W € {X, Z}" and
a € {0,1}" both chosen uniformly at random). Thus the second centered equation in (A.6)
holds, where by varying the choice of X in the lemma (corresponding to varying W here) we get
thatif c; =1thenP; e {Y,Z} n{Y, X} = {Y}andifc; =0then P; € {I, X} Nn{I,Z} = {I}. Thus
the lemma implies the claimed form (A.13), where A(c) here is Ap in the lemma for P = Y(c).

Using the linearity relations that are verified in part (b)(ii) we may in addition express
A(c) = T1; A} for (perfectly) commuting observables A;.

Using part (b)(iii) it follows that on average over uniformly random ¢, Y(c) = ¥ ;(~1) 'CW;C)
where W(©) € {I, Y}™ is the string that has a Y exactly at those positions i such that c; = 1.

Using Claim A.8, success probability at least 1 — O(¢) in part (d) of the test implies that on
average over a random permutation o € S, 5,

m/2

E E 2-MmT , o ( A:A ) Ci) -1-0 , A4
E B r(oy(c, c?)) (aux| l;[( DA j2+o() ) |aUX) (Ve) (A14)

where we wrote (c, c?) for the m-bit string (c1, ..., cin/2, Co1), - - - » Co(m/2))- Defining

A = E 7
Y ie{%+1,..,m} | E; Al

(A.15)
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We show that Eq. (A.14) implies that A(c) ~ Al ‘| Towards this we first observe that

w lel 2
Ci _ c
CE{O]%}”I/Z (gAi (ie{%ff,...,m}A) )lAUX> (A.16)
m/2 )
Ci Ci
< ]CE g1, m}_){mﬂ ) ”( HA I_IA (l))|AUX>|| . (A.17)

where the first inequality is by convexity, with the expectation taken over a random function g.
We would like to relate this last term to the expectation over a random permutation o € S,,/,.
We do this by observing that with probability 1 — O(1/m) over the choice of a uniformly random

g it is possible to write
1_[ A g(i) — ( 1_[ A711/2+’c/(z)) ( 1_[ A711/2+”c”(z))

1

where ¢ + ¢! = ¢; for all i, T/, t” are permutations such that m/2 + 7'(i) = g(i) if ¢} = ¢;, and
m/[2+7"(i) = g(i) if ¢ = ¢;; this is possible because g might have two-element collisions, but
is unlikely to have any three-element collisions. Moreover, for uniformly random ¢ and g we
can ensure that the marginal distribution on (¢, 7’) and (c¢”, t”) is uniform. Using this we can
apply (A.14) twice to bound the right-hand side of (A.17) by O(v¢) (after having expanded
the square). Thus the action of E; A; on |aux) is close to the action of an observable. It is then

relatively routine work to show that Ay defined in (A.15) satisfies A(c) = NG A|;|, on average over
a uniformly random c.

The last condition in the lemma follows from the consistency relations, which imply that
X(a) ® X(a), Z(b) ® Z(b) and Y(c) ® Y(c) all approximately stabilize |i); then Alf ® AL?' R
X(a)Z(a)Y(a) ® X(a)Z(a)Y(a) also does. O
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