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On Linear-Algebraic Notions of Expansion
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Abstract. A fundamental fact about bounded-degree graph expanders is that three
notions of expansion—vertex expansion, edge expansion, and spectral expansion—are
all equivalent. In this paper, we study to what extent such a statement is true for
linear-algebraic notions of expansion.

There are two well-studied notions of linear-algebraic expansion, namely, dimension
expansion (defined in analogy to vertex expansion of graphs) and quantum expansion
(defined in analogy to spectral expansion of graphs). Lubotzky and Zelmanov proved
that the latter implies the former. We prove that the converse is false: There are
dimension expanders which are not quantum expanders. This also answers in the
negative questions of Lubotzky—Zelmanov and Dvir-Shpilka on the relation between
dimension expansion and Kazhdan’s property T.

Moreover, this asymmetry is explained by the fact that there are two distinct linear-
algebraic analogues of edge expansion of graphs. The first of these is quantum edge
expansion, which was introduced by Hastings, and which he proved to be equivalent
to quantum expansion. We introduce a new notion, termed dimension edge expansion,
which we prove is equivalent to dimension expansion and which is implied by quantum
edge expansion. Thus, the separation above is implied by a finer one: dimension edge

*Supported by the National Key Research and Development Program of China (No. 2024YFE0102500), the National
Nature Science Foundation of China (No. 62302346) and the Hubei Provincial Nature Science Foundation of China (No.
2024AFA045).

tSupported by Australian Research Council DP200100950.

fSupported by NSF grant CCF-1900460.

SSupported by NSF GRFP Grant DGE-1656518, ERC Consolidator Grants 863438 and 101044123, and NSF-BSF Grant
20196.

ISupported by Australian Research Council DP200100950 and the Sydney Quantum Academy.

ACM Classification: G.2.2
AMS Classification: 05C18, 68R10

Key words and phrases: linear algebraic expansion, quantum expanders, dimension expanders

(© 2025 Yinan Li, Youming Qiao, Avi Wigderson, Yuval Wigderson, and Chuanqgi Zhang
©@@® Licensed under a Creative Commons Attribution License (CC-BY) DOI: 10.4086/toc.2025.v021a001


http://dx.doi.org/10.4086/toc
http://theoryofcomputing.org/copyright2009.html
http://creativecommons.org/licenses/by/3.0/
http://dx.doi.org/10.4086/toc.2025.v021a001

YINAN L1, YOUMING QIAO, AVI WIGDERSON, YUVAL WIGDERSON, AND CHUANQI ZHANG

expansion is strictly weaker than quantum edge expansion. This new notion also leads to
a new, more modular proof of the Lubotzky—Zelmanov result that quantum expanders
are dimension expanders.

1 Introduction

1.1 Graph-theoretic and linear-algebraic notions of expansion

Expansion is a fundamental graph-theoretic notion, with applications in and connections to
combinatorics, geometry, group theory, number theory, probability, theoretical computer science,
and many other fields. For an in-depth introduction to expanders and their applications, we refer
the reader to the monograph [24].

One of the reasons why expanders are so ubiquitous is that there are three different notions
of expansion in graphs, which are all equivalent. These equivalences naturally yield connections
between different perspectives on expansion, and allow expanders to be utilized and studied in
many different contexts. We briefly recall the three notions of expansion.

Let G = ([n], E) be a d-regular graph. The edge expansion of G, h(G), is defined as!

. |dW]
h(G) = —_—, 1.1
(G) i W (1.1)
1<|W|<%
where oW = {{i,j} € E: i € W,j € [n] \ W}. The vertex expansion of G, u(G), is defined as
. |aout(w)|
G) = _—, 1.2
u(G) i (1.2)
1<|WI<%

where dy i (W) = {j e [n]\W : FieW, st {i,j} € E}. The spectral expansion? of G, A(G), is
defined as
A(G) := the second-smallest eigenvalue of L, (1.3)

where L is the normalized Laplacian matrix of G, which is the matrix with L;; = 1, L; j = —1/d if
{i,j} € Eand L;; = 0 otherwise. Equivalently, L = I,, — A, where I, is the n X n identity matrix and
A is the normalized adjacency matrix of G, defined by A; ; = 1/d if {i, j} € E and A; ; = 0 otherwise.

Note that for any d-regular graph G, all three quantities h(G), u(G), A(G) are non-negative.
We say that a sequence of d-regular graphs (G, ),en is an edge expander, a vertex expander, and a
spectral expander if the relevant parameter is uniformly bounded away from zero for the whole family,
i.e., if inf, h(G,) > 0, inf, u(G,) > 0, and inf, A(G,) > 0, respectively. As discussed above, these
three notions are equivalent; the precise quantitative relationships between them are given in the
following proposition. Note that in this proposition, the size of the graph is irrelevant and does not
affect any of the bounds.

Proposition 1.1. Let G be a d-reqular graph. Then we have
(1) £ < h(G) < u(G);
2 28 < n(G) < 2A(G).

1Some authors define edge expansion without the factor of 4, but we use this normalization to match the definition of
quantum edge expansion introduced by [22].
2This notion is also sometimes called the spectral gap of G.
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The proof of Proposition 1.1(1) is straightforward. Proposition 1.1(2) is a discrete analogue of
the celebrated Cheeger inequality [9], proved by Dodziuk [11], and independently by Alon-Milman
[2] and Alon [1]. Note that we think of the degree d as a constant, so that we only lose a constant
factor when moving between the notions of vertex and edge expansion, and only lose a quadratic
factor when moving between these and the notion of spectral expansion.

In this paper, we are interested in studying linear-algebraic notions of expansion and their
relationships. There are several well-studied notions of linear-algebraic expansion, including
dimension expanders (introduced by Barak, Impagliazzo, Shpilka, and Wigderson [4]), quantum?
expanders (introduced independently by Hastings [21] and by Ben-Aroya and Ta-Shma [6]), and
quantum edge expanders (introduced by Hastings [22]). We will not discuss here the motivations for
these definitions (besides being very natural extensions of the related graph-theoretic parameters),
but note that they have led to much further exploration. For dimension expansion see, e.g.,
[7,8,12,13,14, 29] and for quantum expansion see, e. g., [5, 15, 20, 23, 26, 33]. Many of these papers
and others deal with the important problem of explicitly constructing quantum and dimension
expanders; some make use of connections between different notions of expansion, and have led
to the introduction of new notions of expansion (e.g., monotone expanders [8, 12, 13]). The
linear-algebraic notions of expansion will be formally defined momentarily, but first we wish to
make some high-level remarks about them.

Dimension expansion is defined in natural analogy to the graph-theoretic definition of vertex
expansion, quantum expansion is defined in natural analogy to spectral expansion, and quantum
edge expansion is defined in natural analogy to edge expansion. Because of these analogies, it is
natural to wonder whether the three notions are equivalent. Hastings [22] and Temme et al. [34]
proved an analogue of Proposition 1.1(2), showing that quantum expansion and quantum edge
expansion are equivalent. Additionally, it is implicit in the paper by Lubotzky and Zelmanov [29]
that (under mild assumptions) quantum expansion implies dimension expansion. However, no
converse has been known, nor any analogue of Proposition 1.1(1) relating dimension expansion
and quantum edge expansion.

Our first result, Theorem 1.8, shows that in fact the converse, namely, that dimension expansion
implies quantum expansion or quantum edge expansion, is false. Indeed, we show the existence
of dimension expanders that are arbitrarily poor quantum expanders (and thus arbitrarily poor
quantum edge expanders). Moreover, we are able to explain why no such equivalence holds: It is
because there is a missing fourth notion of linear-algebraic expansion, which we term dimension edge
expansion (Definition 1.6). This is yet another natural linear-algebraic analogue of edge expansion,
which had not been previously defined. For this notion, it is straightforward to show an analogue of
Proposition 1.1(1), proving that dimension expansion and dimension edge expansion are equivalent
(Theorem 1.9(1)). Additionally, we prove that quantum edge expansion implies dimension edge
expansion (Theorem 1.9(3)).

3The word “quantum” refers to their applications in many-body quantum systems and quantum complexity theory.
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Figure 1: A schematic depiction of the relationships between different notions of expansion. The
solid arrows indicate the implications or equivalences, while the dashed arrows represent proper
generalizations. Our main contributions are highlighted in red.

To understand what all these implications mean, consider Figure 1 above, which clarifies the
conceptual value of the new definition. We stress, as the figure suggests, that both quantum and
linear-algebraic notions of edge expansion specialize to the same graph-theoretic one. Additionally,
the figure shows the two equivalences discussed above, namely that both quantum notions are
equivalent, and both dimension notions are equivalent. Moreover, it depicts the fact that quantum
edge expansion implies dimension edge expansion. This connection yields a new proof of the
Lubotzky-Zelmanov result discussed above; moreover, our new proof is more modular, and gives a
result that is both qualitatively and quantitatively stronger.

Finally, as depicted in the figure, our negative result shows that there is no reverse implication,
as there exist dimension expanders which are not quantum expanders. Said differently, in the
linear-algebraic setting, the quantum notions of expansion are strictly stronger than the dimension
notions. We stress again the surprising consequence: Although both linear-algebraic notions of
edge expansion generalize the same graph-theoretic notion, they are not equivalent.

We now turn to the formal definitions of these linear-algebraic notions. Once the definitions are
in place, we can state our main theorems.

1.2 Definitions of linear-algebraic expansion

Throughout, our main object of study will be a matrix tuple B = (B1,...,B;) € M(n, F)4, where
F is some field and M(#n, F) denotes the space of n X n matrices over F. The above notions of
linear-algebraic expansion will all be properties of such matrix tuples B. The analogies to graphs
will be apparent when considering B as a tuple of permutation matrices, which naturally define a
d-regular graph.*

“For it to define an undirected graph, it must be a symmetric set of permutations, but this is essentially without loss of
generality. Additionally, it is well-known [17] that any d-regular graph can be decomposed as a union of d permutations
(at least when d is even), so we may always view a d-regular graph as a tuple of permutation matrices.
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1.2.1 Quantum expansion and quantum edge expansion

When working with quantum expanders and quantum edge expanders, we work with the field
F = C. Additionally, rather than working with arbitrary matrix tuples, we work with doubly stochastic
matrix tuples, which are those tuples B = (By, ..., B;) € M(n, C)? with Z‘le BiB} = Z‘f:l B:B; = dly,
where I, is the n X n identity matrix®>. An important special case is that of unitary matrix tuples,
where each B; is a unitary matrix.

Definition 1.2. Given a doubly stochastic matrix tuple B = (By, ..., Bg) € M(n, C)4, the associated
quantum operator is the linear map ®g : M(n, C) — M(n, C) defined by

Zd: B,XB..

i=1

@B(X) =

QU -

The quantum operator ®p should be thought of as an analogue of the normalized adjacency
matrix A of a graph G. Indeed, it is straightforward to check that if each B; is a permutation matrix,
and if X is a diagonal matrix, then ®g(X) is also diagonal, and the diagonal entries are precisely the
entries of Ax, where x is the vector of diagonal entries of X. Similarly, it is easy to verify that the
largest eigenvalue of ®@p is 1, with eigenvector I,,. Continuing the analogy, we define the Laplacian
operator by Ag := I — ®p, where I is the identity map M(n, C) — M(n, C).

Based on this analogy between quantum operators and adjacency matrices, the following
definition® from [6, 22] is a natural analogue of the definition of spectral expansion of a graph.

Definition 1.3. Given a doubly stochastic matrix tuple B = (By, ..., Bs) € M(n, C)4, its quantum
expansion, A(B), is defined to be the second-smallest singular value” of Ag.

For fixed d and A > 0, we say that a family of doubly stochastic matrix tuples {B, = (B1,...,Bg) €
M(n,C)* | n € N} is an (1, d, A)-quantum expander if A(B,,) > A forall n € N.

Similarly, the following definition from [22] is a linear-algebraic analogue of the edge expansion
of a graph.

Definition 1.4. Given a doubly stochastic matrix tuple B = (B, ..., Bs) € M(n, C)4, its quantum edge

expansion is defined as
. {In — Py, ®p(Py))
ho(B) = 1.4
e(B):=  min dim(V) (14)
1<dim(V)<%

where Py is the orthogonal projection onto the subspace V' < C", and where (-, ) denotes the
standard inner product on M(n, C).

For fixed d and /1 > 0, we say that a family of doubly stochastic matrix tuples {B, = (B1,...,Bg) €
M(n,C)? | n € N} is an (1, d, h)-quantum edge expander if ho(B,) > hforalln € N.

5We remark that in some related works, such as [16, 18], doubly stochastic tuples are defined as those with
> B l'Bl’f =3 B’;B i = I, that is, that their convention disagrees with ours by a factor of d. This constant factor is immaterial,
but the normalization above is more natural for our present applications, since it extends the perspective of viewing the
adjacency matrix of a d-regular graph as the sum of d permutation matrices.

®We remark that often, quantum expansion is defined for a quantum operator, rather than for a tuple of matrices,
where a quantum operator is defined abstractly as a linear map M(n, C) — M(n, C) satisfying certain properties. However,
it is well-known [32, Theorem 8.2] that any quantum operator arises in an essentially unique way from a doubly stochastic
matrix tuple, so the two perspectives are equivalent.

7In general, @p (and thus also Ag) may not be a self-adjoint operator on M(#, C), and hence its eigenvalues may not
be real; this is why we restrict our attention to singular values. In many special cases (e. g., if all the matrices B; are
Hermitian, or if the tuple B is a symmetric set of permutation matrices), @g and Ap are self-adjoint, and then we may
equivalently define A(B) as the second-smallest eigenvalue of Ag.
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Suppose again that each B; is a permutation matrix. Let W C [n], and suppose that V' = (¢;)jew is
a coordinate subspace, spanned by a subset of the standard basis {ej, ..., e, } of C". Then Py is simply
a diagonal matrix with a 1 in positions indexed by W and a 0 elsewhere. Similarly, as discussed
above, g (Py) is another diagonal matrix, whose diagonal entries are precisely the entries of Aly,
where A is the normalized adjacency matrix of G and 1y is the indicator vector of W. Therefore,
(I, — Py, ®p(Py)) is equal to 1,\wAlw, which in turn equals % |0W|. Thus, when B comprises
permutation matrices and when we restrict the minimum to coordinate subspaces V < C", the
definition of quantum edge expansion precisely recovers the definition of edge expansion of a

graph.

1.2.2 Dimension expanders and dimension edge expanders

Dimension expansion and dimension edge expansion are well-defined over any field, but for
simplicity, we continue working with F = C for the moment.

Given a tuple of matrices B = (By,...,By) € M(n,C)4, the image of V < C" under B is
B(V) = (Ujeq)Bi(V)), where B;(V) := {B;v : v € V} and (-) denotes linear span over C.

Definition 1.5. The dimension expansion of a matrix tuple B = (By, ..., By) € M(n, C)? is defined as

_ dim(V + B(V)) - dim(V)
B) = . 1.
u(B) = min dim(V) (15)
1<dim(V)<2

For fixed d and u > 0, we say that a family of matrix tuples {B, = (By,...,B4) € M(n,C)* | n € N}
is an (n, d, y)-dimension expander if 1(B,) > u foralln € N.

To see the analogy to vertex expansion in graphs, suppose that each B; is a permutation
matrix, let W C [n], and suppose that V = (ej)jew is a coordinate subspace. Then B;(V) is
another coordinate subspace, spanned by the images of W under the permutation B;. Therefore,
dim(V + B(V)) — dim(V) precisely counts how many elements in the complement of W are in the
image of some B;. In other words, if we restrict the definition of dimension expansion to tuples
of permutation matrices, and restrict the minimum to coordinate subspaces V' < C", we precisely
recover the definition of vertex expansion in graphs.

The same perspective motivates our new definition of dimension edge expanders. To define
them, we first need to define the restriction of a matrix to a subspace. Let V' < C" be a subspace
of dimension r, and let T € M(n X r, C) be a matrix whose columns form an orthonormal basis
of V. Similarly, let R € M((n — r) X n, C) be a matrix whose rows form an orthonormal basis of
V+, the orthogonal complement of V. Given B € M(n, C), its restriction to (V+, V) is defined by
Bly1y := RBT. Note that while T and R are not unique, a different choice of T and R would give
rise to a matrix that is equivalent to B|y. v up to multiplication by unitary matrices (and thus in
particular has the same rank). With this setup, we can define dimension edge expansion.

Definition 1.6. For a matrix tuple B = (By,...,By) € M(n, C)?, the dimension edge expansion of B is
defined as ;
2i—1 rank(Bily+ v)
hp(B) = i = ARy 1.6
p(B) = min d-dim(V) (1.6)
1<dim(V)<%

For fixed d and h > 0, we say that a family of matrix tuples {B, = (Bi,...,B4) € M(n,C)* | n € N}
is an (n,d, h)-dimension edge expander if hp(B,) > h for all n € N.
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Again suppose that V' = (e;);ew is a coordinate subspace corresponding to some W C [n]. Then
Bi|y+,v is simply the submatrix of B; with columns indexed by W and rows indexed by [n] \ W.
In case B; is a permutation matrix, the rank of this submatrix is precisely the number of non-zero
entries in it, which is equal to the number of elements of W mapped to [#] \ W by the permutation
B;. In other words, if we restrict our attention to permutation matrices and to coordinate subspaces,
we again recover the definition of edge expansion of graphs.

Remark 1.7. To extend the definition of dimension edge expansion to any field F, we de-
note by V+ the annihilator of V < F" with respect to the standard dot product, i.e., V*+ :=
{u eF" | (Vo e V)(ulv = 0)}. Then let T € M(n X r, F) be a matrix whose columns form a basis of
V,and R € M((n — r) x n,F) whose rows form a basis of V*. Given B € M(n, [F), its restriction
to (V+,V) is defined by B|y+ v := RBT. Dimension edge expansion is now defined identically to
Definition 1.6.

1.3 Main results

As discussed in Section 1.1, our results demonstrate that in the linear-algebraic setting, the
relationship between the various notions of expansion is substantially subtler than it is in the
graph-theoretic setting. Our first main result is negative: it says that in general, a matrix tuple over
C can be a good dimension expander while having arbitrarily poor quantum expansion.

Theorem 1.8. A dimension expander may be an arbitrarily poor quantum expander. More precisely, there
are constants 11 > 0 and d € N so that for all ¢ > 0 and all sufficiently large n, there exists a unitary matrix
tuple B = (By,...,By) € M(n, C) such that u(B) > u but A(B) < e.

In fact, we prove something stronger: given any unitary matrix tuple By € M(n, C)?, we can
find another unitary matrix tuple B € M(n, C)? so that u(B) > u(Bp)/d and A(B) < . Moreover B is
obtained from By in a very simple way: each matrix in B is simply a very small fractional power of
the corresponding matrix in Bg. Perhaps surprisingly, our proof uses a number of compactness
arguments, and thus gives no quantitative information on how small this fractional power must be.

While the use of compactness arguments make this result non-explicit in a certain sense, in
a different sense it is quite explicit. Specifically, since we show that any unitary matrix tuple By
can be converted into another unitary matrix tuple B of comparable dimension expansion and
arbitrarily bad quantum expansion, it demonstrates that such tuples—dimension expanders that
are not quantum expanders—are “all over the place,” and arise naturally from arbitrary dimension
expanders. Theorem 1.8 can also serve as a barrier result, giving an indication of the kinds of
approaches that cannot be used to construct quantum expanders. Indeed, any construction or
analysis that is invariant under matrix powers cannot distinguish By and B above, and hence cannot
be used to construct quantum expanders.

We remark that Theorem 1.8 can be used to answer in the negative questions of Lubotzky—
Zelmanov [29, Remark/Question 2.5] and Dvir-Shpilka [12, Question 1] about the relationship
between dimension expansion and Kazhdan’s property T. As stating these questions requires some
terminological setup, we defer the detailed discussion to Section 2.1. Informally, however, we show
that Theorem 1.8 implies the existence of a group I' generated by a set S and an irreducible unitary
representation p : I' — U(n) such that (p(s))ses is a dimension expander, but such that I' does not
have property T; see Theorem 2.9 for a precise statement.

In the other direction, we have a number of relationships between the various notions of
linear-algebraic expansion, in analogy to Proposition 1.1.

Theorem 1.9. Let B = (By,...,By4) € M(n,C) bea doubly stochastic matrix tuple. Then we have
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(B) .
(1) 57 < hp(B) < w(B);

@) “2 < ho(B) < 2A(B);
(3) ho(B) < d- hp(B).

In case B is a unitary matrix tuple, we may replace (3) by the stronger bound
(4) ho(B) < hp(B).

In fact, Theorem 1.9(1) holds for any matrix tuple over any field; the assumptions that we are
working over C and have a doubly stochastic matrix tuple are only necessary so that A(B) and /1o(B)
are well-defined. As mentioned above, Theorem 1.9(2) is not new, and was proved by Hastings [22,
Appendix A] for the Hermitian matrix tuples and Temme et al. [34, Lemma 20] for doubly stochastic
matrix tuples. So we do not prove Theorem 1.9(2) in this paper, but we include it in the statement
of Theorem 1.9 in order to make the analogy to Proposition 1.1 as transparent as possible.

Speaking of Proposition 1.1, the key thing to stress about the difference between the graph-
theoretic and linear-algebraic settings is that the single graph-theoretic notion of edge expansion,
which appears in both Propositions 1.1(1) and 1.1(2), corresponds to two distinct linear-algebraic
notions, namely, dimension edge expansion and quantum edge expansion. That these two quantities
are not equivalent is implied by Theorem 1.8, which gives a separation between u and A. However,
the fact that there is an inequality relating them—Theorem 1.9(3)—shows that quantum expansion
implies dimension expansion, as stated in the next corollary.

Corollary 1.10. Every quantum expander is a dimension expander. More precisely, if B € M(n, C)? isa
doubly stochastic matrix tuple, then

A(B)
2d

In case B is a unitary matrix tuple, we have the stronger bound

u(B) >
A(B)

Proof. We have that
ho(B) _ A(B)

u(B) = hp(B) >

d — 2d’
where the three inequalities follow from the first three parts of Theorem 1.9. In case B is unitary, we
may replace the second inequality above by hp(B) > hg(B), thanks to Theorem 1.9(4). m]

As discussed above, a similar result was proved by Lubotzky and Zelmanov [29].8
Theorem 1.11 ([29, Proposition 2.1]). Let B = (B1, ..., Bg) € M(n, C)l bea unitary matrix tuple. Then

A(B)
u(B) > ——.
8Lubotzky and Zelmanov were unaware of the notion of quantum expansion, and thus did not state this result in this
language. Harrow [20] was the first to observe that their approach passes through quantum expansion as an intermediate
step.
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Lubotzky and Zelmanov only stated this result for matrix tuples arising from irreducible unitary
representations of finite groups, but their proof actually works in the generality of arbitrary unitary
matrix tuples.

Note that our result (Corollary 1.10) is both quantitatively stronger (in that we obtain a better
constant factor) and qualitatively stronger (as we obtain a result for all doubly stochastic matrix
tuples, not only unitary tuples). Additionally, we believe that our proof is conceptually simpler
than that of [29], since the implication from quantum to dimension expansion naturally breaks into
three simpler implications (quantum implies quantum edge, which implies dimension edge, which
implies dimension).

Lubotzky and Zelmanov [29] proved Theorem 1.11 in order to explicitly construct dimension
expanders over C. Indeed, this motivation is a natural reason to study the relationships between
linear-algebraic notions of expansion: Corollary 1.10 implies that any construction of a quantum
expander also yields a construction of a dimension expander, whereas Theorem 1.8 shows that
the converse does not hold. We remark that explicit constructions of quantum and dimension
expanders is an important and highly active area of research, which we do not discuss further,
except to stress that this is a very natural reason to study connections between different notions of
expansion. As discussed above, Theorem 1.8 can be viewed as a barrier result showing which kinds
of constructions of quantum expanders are impossible, whereas we hope that the connections in
Theorem 1.9 will be useful in future work on explicit constructions of linear-algebraic expanders.

We also remark that one can also define a natural L, analogue of quantum edge expansion
in terms of Schatten norms, somewhat analogous to L, notions of graph expansion studied by
Matousek [30]. We discuss this, and raise an open problem about it, in Section 5.

1.4 Connections between graphs and matrix spaces

There is a natural way of associating a matrix tuple to a graph. Given a d-regular graph G = ([n], E),
we define the graphical matrix tuple associated with G to be the matrix tuple® B¢ = (VnE; ; : {i, j} € E),
where E; ; is the elementary matrix with a 1 in position (7, j) and zeros in all other entries. Note
that B is a tuple of 2 |[E| = dn matrices, and thus is not particularly natural from the perspective
of expansion: we are usually interested in families of matrix tuples where the length of the tuple
stays constant as the dimension of the matrices grows. Here, even if the degree d of G is fixed, the
number of matrices in B¢ tends to infinity with n.

Nonetheless, the construction of B¢ is very natural from other perspectives. Indeed, the matrices
in Bg form the standard basis for the graphical matrix space associated to G. In [27], we proved that
many important graph-theoretic properties of G are equivalent to linear-algebraic properties of B¢.
In particular, we proved a number of results that we term inherited correspondences, which say that
the value of a certain optimum associated to G is equal to a related optimum associated to Bg, even
though the feasible region in the latter optimum is generally much larger; for example, an optimum
over all subgraphs of G may equal an optimum over all subspaces of (Bg), even though there are
many more subspaces than subgraphs.

As it turns out, the various expansion parameters give us a number of other results of this type.
The first of these is due to Bannink, Briét, Labib, and Maassen [3], who proved that the quantum
expansion of B¢ equals the spectral expansion of G.

Theorem 1.12 ([3, Proposition 3.7]). For every d-reqular graph G, A(G) = A(Bg).

We prove analogous results for dimension expansion and dimension edge expansion.

°Note that we scale each E; ; by a factor of /1 in order to ensure that Bg is a doubly stochastic matrix tuple, as

24, jyee(WnEi )(WnE; j)* = X4 iyep (VnE; ;) (VnE; j) = dnly.

THEORY OF COMPUTING, Volume 21 (1), 2025, pp. 1-28 9


http://dx.doi.org/10.4086/toc

YINAN L1, YOUMING QIAO, AVI WIGDERSON, YUVAL WIGDERSON, AND CHUANQI ZHANG

Theorem 1.13. For every d-regular graph G, u(G) = u(Bg) and h(G) = hp(Bg).

In contrast, no such equality holds for quantum edge expansion. In fact, it fails already for the
simplest possible graph, consisting of two vertices and a single edge.

Proposition 1.14. h(K3) = 1, but ho(Bk,) < %

Using the same proof technique, one can check that hg(Bk,) < h(K,) for all n > 2. The fact that
h(G) and hg(Bg) are different in general may shed further light on our main results in Theorems 1.8
and 1.9, that dimension edge expansion and quantum edge expansion are different. However, we
stress that these simple examples have no direct bearing on Theorems 1.8 and 1.9, as B is not a
matrix tuple of constant length, which is the setting in which Theorems 1.8 and 1.9 are interesting.

Remark 1.15. We include the v/in normalization in the definition of B¢ in order to obtain a doubly
stochastic tuple. When working with a non-d-regular graph or over a field other than C, one should
omit this normalization; with this definition, Theorem 1.13 holds for any graph G and over any
field.

1.5 Notation and basic definitions

Forn e N, [n] := {1, ..., n}. Throughout, we work with finite-dimensional vector spaces over a
field F. The elements of " are length-n column vectors over F. The linear space of n’ X n matrices
over [ is denoted by M(n’ x n, F). For simplicity we shall write M(n, F) for M(n X n,F). We use
Eij € M(n’ x n,F) to denote the n’ X n elementary matrix where the (i, j)th entry is 1, and other
entries are 0. We use U(n) to denote the set of n X n unitary matrices over C.

We use (x, i) to denote inner products. In particular, for x = (x1,...,x,) , v = (y1,...,ya)" € C",
their inner product is (x, y) = X\i_; X;y;. For every p € [1, ©), the L,-norm of x € C" is defined as

1
n p
Ixllr, = (Z |xi|f’) :

i=1

Define ||x||r,, := max; |x;].

We use Tr(-) to denote the usual trace function on M(n,F). For X,Y € M(n, C), their inner
productis (X, Y) := Tr(X"Y). For every p € [1, o), the Schatten-p norm of X € M(n, C) is defined
as

IX]ls, = (Tr [(x*xﬁ])’% :

Define || X||s,, == sup{|[{x, Xy)| : ||x|lz,, lly|lz, <1}, which is the operator norm of X.

1.6 Organization

In Section 2, we prove Theorem 1.8, showing that a small fractional power of a dimension expander
yields another dimension expander which is an arbitrarily poor quantum expander. In Section 3,
we prove Theorem 1.9, showing that dimension and dimension edge expansion are equivalent,
and that quantum edge expansion implies dimension edge expansion. In Section 4, we prove
Theorem 1.13 and Proposition 1.14, relating graph expansion and linear-algebraic expansion of
the associated graphical matrix tuple. We conclude in Section 5 with some open problems and
concluding remarks.
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2 Dimension expanders that are not quantum expanders

In this section, we prove Theorem 1.8. Our main technical result is the following, which says that
given an arbitrary unitary matrix tuple, any sufficiently small fractional power of it has comparable
dimension expansion. As it is easy to show that a sufficiently small fractional power of any unitary
matrix tuple has poor quantum expansion, it becomes straightforward to deduce Theorem 1.8, as
we show below.

Recall that given a unitary matrix U, there exists a Hermitian matrix H such that U = e'f. Using
this, we can define arbitrary powers of U: for any s > 0, we define U° := e/, Note that this notion
depends on the choice of H, and a different choice of H may yield a different outcome, but this will
not matter for us. So for any unitary matrix U, we fix a choice of Hermitian H such that U = el
and then define powers of U with respect to this choice.

Theorem 2.1. Let U = (U, ..., Uy) € U(n)? bea tuple of unitary matrices. There exists some so > 0 such
that for all s € (0, s0), the unitary matrix tuple U° = (U7, ..., U3) € U(n)“ satisfies u(U®) > u(U)/d.

Assuming Theorem 2.1, we can prove Theorem 1.8.

Proof of Theorem 1.8. We recall the variational definition of quantum expansion: for any doubly
stochastic matrix tuple B, we have that

[2slls,

0£xeM(n,0) || X]ls,
Tr(X)=0

A(B)=1- 2.1)

Indeed, we first note that the second-smallest singular value of Ag equals one minus the second-
largest singular value of @g. Since the largest eigenvalue of ®p is 1, with I,, as both a left and a right
eigenvector, we know that the second-largest singular value of ®g is simply the operator norm of
®p when restricted to the orthogonal complement of I,,. The orthogonal complement of I,, is the set
of matrices X with Tr(X) = 0, and thus the maximum in (2.1) precisely defines the second-largest
singular value of ®g. In particular, by the triangle inequality, we see that

X|ls, = [|Ps(X X - Op(X
A(B) = 1Xlls, = [1Ps(X)ls, < m I B(X)ls, 22)
0#XeM(n,C) 1 X1ls, 0#XeM(n,C) 1Xls,
Tr(X)=0 Tr(X)=0

It is well-known that for constant 4 € N and p > 0, there exist unitary (n, d, du)-dimension
expanders for all sufficiently large n (e. g., by taking 100 random 7 X n unitary matrices). So fix
some U = (Uy,...,Uy) € U(n)? with w(U) > du. By Theorem 2.1, we know that U® is still an
(n,d, u)-dimension expander for any sufficiently small s. Given ¢ > 0, we claim that A(U®) < ¢ for
sufficiently small s.

Note that as s tends to 0, U° approaches the identity tuple (I, ..., I,). More precisely, for any
¢ > 0and any 7 € [d], there exists a sufficiently small s such that

&

&
5 .

: (2.3)

11 = U7 ls, < and  [[I, - (U7)'[ls, <
Note that the two conditions are actually equivalent, as the Schatten norm is invariant under taking
conjugate transpose. Now fix s sufficiently small so that (2.3) holds for all i € [d], and so that

w(U®%) > p(U)/d > p. It remains to prove that for this choice of s, we have A(U*) < &.
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Fix some 0 # X € M(n, C) with Tr(X) = 0. By our choice of s, we have that
IX - Ou:(X)lls, _ IZL (X = U XWU))is,

1Xls, - || X]ls,

- zd: 1 XL, = (U7)) + (I, — U)X (U?)*|s, 2.4)
= Z A1xX]ls, |
- Zd: 1 XL = UE)s, + (L — U)X UL )5, 25)
=L AN, |
_ Zd: 1 X (I = (U))ls, + 1L = U)X s, 2.6)

Z A1, |

d *

1L = UE) |ls, + 11 = U?|ls

< le - 2 2.7)
<eg, (2.8)

where (2.4) and (2.5) use the triangle inequality, (2.6) uses the fact that Schatten norms are invariant
under unitary multiplications, (2.7) uses the submultiplicativity of the Schatten norm, and (2.8) uses
our assumption that (2.3) holds for all i € [d]. By taking the maximum over all such X, we conclude
that for sufficiently small s, the tuple U® is an (1, d, p)-dimension expander, but A(Dys) < . O

In order to prove Theorem 2.1, we will need the following lemma. It says that for a fixed subspace
W < C", taking a small power of a matrix U does not ruin the dimension expansion. Specifically, if
there is a subspace V < W so that UV N W = {0}, then U*V N W = {0} for all sufficiently small
s. This almost suffices to prove Theorem 2.1, except that the condition that s is sufficiently small
depends on V and W; in order to obtain an absolute bound, we will use a compactness argument.

Lemma 2.2. Let U be a unitary matrix and let V.< W < C" be subspaces. Suppose that Uv ¢ W for all
non-zero v € V. There exists some 6 > 0 so that U*v ¢ W forall 0 < s < 6.

Here, as before, the matrix power U? is defined by fixing a Hermitian matrix H so that U = el
and then defining U° := e"*H. At a high level, Lemma 2.2 is proved as follows. For a fixed non-zero
v € V, we know that Uv ¢ W. Consider the trajectory U°v, viewed as a function of s. We know
that this trajectory eventually leaves W (as Uv ¢ W); let us assume for the moment that in fact, the
first derivative of the trajectory has a non-zero component in W+. This means that for sufficiently
small s, the trajectory U®v is well-approximated by a line which does not lie in W, and thus for
some small but positive amount of time, this trajectory stays outside W. By bounding the second
derivative of the trajectory, this argument can be made rigorous.

Unfortunately, it need not be the case that the first derivative of the trajectory lies outside W, so
one cannot just apply the argument as sketched above. However, since Uv ¢ W for all non-zero
v € V, we see that for each non-zero v € V, some derivative of the trajectory lies outside W. By
performing a backwards induction on the order of the first derivative which lies outside W (and at
each step repeating the argument above), one can prove Lemma 2.2. Here are the details.

Proof of Lemma 2.2. Fix a non-zero vector v € V. For s > 0, we write U°v in terms of the Taylor
expansion of e’sH j e,

Uy = elsHy = Z ﬁ(isH)]v = Z (l],L!)HJv.
j=0 j=0
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Note that if H*v € W for all k > 0, then U’v € W for all s > 0, and in particular Uv € W, which
contradicts our assumption. Therefore, we see that for every non-zero v € V, there is some integer
k > 0sothat Hv e W forall 0 < j< k, but H**lp ¢ W.

For k > 0, let Vi C V be the set of v € V so that H'v € W for all 0 < j < k. Note that Vi is a
subspace of V, and they are nested as V = Vy > V1 > V, > ---. By the discussion above, we know
that (N> Vk = {0}. Additionally, since V is finite-dimensional, we see that this chain eventually
stabilizes at {0}, i.e., there is some K so that Vx_; # {0} but Vk = {0}. We will now prove the
following claim by induction on k, starting at k = K and working down to k = 1.

Claim 2.3. For every 1 < k < K, there exists some 0y > 0 so that the following holds. For every v € Vi_q
with ||v||L, = 1, we have that U°v ¢ W for all s € (0, O).

Note that the k = 1 case of this claim is simply the desired lemma statement, since V) = V and
since we lose nothing by restricting to vectors of norm 1.

Proof of Claim 2.3. We prove the claim by (reverse) induction on k. For the base case of k = K,
let v € Vk_1 be a vector of norm 1. Let P € M(n, C) denote the orthogonal projection onto the
orthogonal complement of W. Observe that for any s > 0, we have

_ s (is)/ - ad (is)/ .
PUSy = Z TPHJU - Z TPva,
j=0 j=K

since H'v € W for all j < K, and thus PH/v =0 for all j < K. For any s € (0, 1), we have that

K+1
(iS)K+1 K+1 skt K+1 1 K+1 ”HHS
AL/ - PH < H < Sy,
K+1)! LK+ I Ollie = Gy I ol = e = Cx

where we use that s < 1 and that P is a contraction in the first inequality, and the definition of the
Schatten-co norm and the assumption [[v||;, = 1 in the second inequality. Therefore, by Taylor’s
theorem, we find that for all s € (0,1) and all v € Vkx_; with ||v||r, = 1, we have that

IPUP||L, 2

(is)* K K+1 sk K K+1
N PH"v|| - Cks :E”PH ||, — Cks™ .

Ly

Note that the function v +— ||[PHXv||1, is a continuous real-valued function on the unit sphere in
Vk-1, which is compact. Moreover, since Vx = {0}, we know that H Ky ¢ W for all non-zero v € Vi_1,
and thus ||PHXv||L, is strictly positive for all v € Vk_; with ||v]|1, = 1. Therefore, there exists some
ck > 0 so that ||[PHXv||, > Klck for all v € Vk_q with [|v]|, = 1. Continuing our computation
above, we conclude that

|PUS||L, > cxsk — CxsKT!

forall s € (0,1) and all v € Vg_q with ||v]|z, = 1. If we let 6x = min{ck/Ck, 1}, then this implies
that [[PU®v||r, > 0 for all s € (0, k). This is equivalent to saying that U°v ¢ W for all s € (0, ok),
which proves the claim for k = K.

We now move to the inductive step. There is nothing to prove if Vi_; = Vj, so we may assume
that Vi is a proper subspace of Vi_1. Inductively, suppose we know the claim holds for k +1,i.e., <—
that there exists some 6x4+1 > 0 so that U°v ¢ W for all v € Vi with ||v]|r, = 1 and all s € (0, 8k+1)-
As v — U®v is a continuous map, and as W is closed, we conclude that U°v ¢ W for all s € (0, 0x+1)
and all v which is in a sufficiently small open neighborhood of the unit sphere in V. More precisely,
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there exists some ¢ > 0 so that the following holds for all v € V_; with ||v]|z, = 1: Suppose we
write v = u + w where u € V" and w € Vi, and suppose that ||u[|;, < &. Then U*v ¢ W for all
s € (O/ 6k+l)’
So it suffices to now only consider such v with ||u||;, > €. Note that for any such v, we have
that
IPH* 0|1, = |PH*(u + w)l|L, = IIPH*u||L,,

since H*w € W, as w € Vi. Now, the set of unit vectors v € Vj_; for which ||u|| L, = € is compact,
and the function v — ||[PH*9||1, is continuous and strictly positive on it. So there exists some c > 0
so that ||[PHv||1, > k!ck for all such v. The rest of the proof is very similar to the base case. For any
s > 0, we have that

sy o Gs)
PUSy = Z TPva - Z TPva.
j=0 j=k

For any s € (0, 1), we have that

H k+1
(is)kH k+1 sk*1 k+1 1 k+1 IH] Seo

PH = PH < H < = .
(k+1)! L (k+1)!|| ol < (k+1)!|| ol < (k+1)! k

By Taylor’s theorem, we conclude that if v = u + w is such that |[u]|r, > &, then for any s € (0, 1),

c N\ k
@PH’%;

k
s
X — CpsF1 = FllPHkvllL2 — Crs® > cpsh = CpstHL.

IPU*o]|L, >

Ly

Thus, for such v, we see that Uv ¢ W for all s € (0, cx/Ck). On the other hand, for those v with
lul| < ek, we know that U°v ¢ W for all s € (0, 6x+1). Thus, we get the desired result by setting
0 = min{ck/Ck, Ok+1,1}. O

As discussed above, the k = 1 case of the claim is equivalent to the lemma statement, so this
concludes the proof. m|

For 1 < r < n, let Gr(n, r) denote the Grassmannian of r-dimensional subspaces of C". We
make the following definition, which will be useful in the proof of Theorem 2.1.

Definition 2.4. Let U = (Uy,...,Uy) € Un)  be a tuple of n X n unitary matrices. Given a real
number p > 0 and a subspace W € Gr(n, r), let us say that a tuple (V, i, 0) is u-expansive for W if it
satisfies the following conditions.

(i) V is a subspace of W, i € [d] is an integer, and 6 > 0 is a strictly positive real number.
(il)) We have dim(V) > ur/d.
(iii) For every s € (0, 0), we have that Wwvnws= {0}.

Our next simple lemma shows that if U is a (1, d, u)-dimension expander, then every subspace
has an expansive tuple. The implication is a straightforward consequence of Lemma 2.2, but the
language of expansive tuples will be more convenient for the compactness argument we use in the
proof of Theorem 2.1.

Lemma 2.5. Let U = (Uy, ..., Uy) € U(n)? be a unitary matrix tuple, and let u > 0 be a real number. If
Uisa (n,d, u)-dimension expander, then for all 1 <r < n/2 and all W € Gr(n, r), there is a u-expansive
tuple for W.
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Proof. By the definition of dimension expansion, we know that dim(W+U;W+- - -+UzW)—-dim(W) >
ur. Therefore, there exists some i so that dim(W + U;W) — dim(W) > ur/d. Let V be a maximum-
dimensional subspace of W with the property that U;V N W = {0}; then the above implies that
dim(V') > ur/d. Finally, by Lemma 2.2, we see that there exists some 6 > 0 so that UV N W = {0}
forall 0 < s < o, implying that (V, i, 0) is u-expansive for W. m]

Now suppose we are given a unitary matrix U € U(n) and asubspace V < W with U°*VNW = {0}
for all 0 < s < 6. Intuitively, the continuity of the map V +— U®V implies that if we perturb
W to a “nearby” subspace W’, we can similarly perturb V to V’ < W’ with the property that
UV’ NnW’ = {0} forall 0 < s < 6. The following lemma makes this precise, for which it is best
to use the language of fiber bundles. For a thorough introduction to this topic, see, e. g., [10] or
[25, Section II1.9]; we briefly recall the key notions we will need. A fiber bundle consists of a tuple
(E, M, F, ), where E, M, F are topological spaces, and t : E — M is a continuous map. The only
property we impose is that, for every x € M, the preimage t!(x) is homeomorphic to F, and
moreover that these homeomorphisms vary continuously as a function of x.1° That is, E locally
looks like the product space M X F, but there may be some global twistedness to the structure!!. In
a fiber bundle (E, M, F, i), M is called the base space, E is called the total space, F is called the fiber,
and 7t is called the bundle map. Finally, a given an open set O C M, a continuous section on O is a
continuous map o : O — E such that 7 o ¢ is the identity map on O; intuitively, this corresponds to
a choice of a point o(x) € F for each x € O, such that these choices vary continuously.

Let Gr(n, < r) denote the disjoint union of Gr(n, {) over 0 < { < r. There is a fiber bundle 7 over
Gr(n, r) whose fibers are Gr(n, < r), i.e., above W € Gr(n, r) we simply put all possible subspaces
of W. More precisely, the total space of the bundle is

E = {(W, V) e Gr(n,r)x Gr(n, < r): V is a subspace of W} ,

and the bundle map 7 : E — Gr(n, r) is given by n(W, V) = W. We remark that in the algebraic
geometry literature, such a structure is often called a partial flag variety; see, e. g., [19, Example 8.30]
for details.

With this setup, we are finally ready to state and prove the next lemma, which allows us to
continuously perturb a pair V. < W with UV N W = {0}.

Lemma 2.6. Let W € Gr(n, ), and let U be an n X n unitary matrix. Suppose that there exist 6 > 0 and a
subspace V.< W so that U°V N W = {0} forall 0 < s < 6. Then there exists an open set O C Gr(n, r) with
W € O and a continuous section ¢ : O — E of the fiber bundle 1t so that 6(W) = V and for all W' € O, we
have that Usc(W’) N W’ = {0}.

Proof. Let ¢ = dim(V). For X € Gr(n,r), let V(X) be the collection of ¢-dimensional subspaces
Y of X with the property that U°’Y N X = {0} forall0 < s < 0. As (s,Y) — U°Y is continuous
in both variables, we see that V(X) is open for all X. Again by continuity, V(X) also varies
continuously as we vary X € Gr(n, r). Since V € V(W), these properties imply that we can find an
open neighborhood O of W and a section ¢ as claimed. m]

We are now ready to prove Theorem 2.1.

0Formally, we require that, for every x € M, there is an open neighborhood x € O ¢ M and a homeomorphism
ou : 1 1(0) = O x F such that Ttlz-1(0) = p © ¢, where p denotes the standard projection O X F — O.

1A good intuitive example to keep in mind is the Mobius strip, which locally looks like a cylinder S 1% [0,1], but has a
global twist.
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Proof of Theorem 2.1. LetU = (Uy, ..., Uy;) € Un)*bea(n,d, u)-dimension expander. By Lemma 2.5,
forevery 1 <r < n/2and every W € Gr(n, r), we may find an expansive tuple (V, 7, 6) for W. By
Lemma 2.6, there exists an open neighborhood Ow of W as well as a section ¢ : Ow — E of the
bundle 7t so that U a(W’) N W’ = {0} for all W’ € Ow and all 0 < s < 6.

Now, the collection {Ow }weGr(n,r) forms an open cover of Gr(n, r), so by compactness, we can
find a finite subcover, say Oj, ..., Or. By the way we constructed these Oy, we see that there
are 01,...,0r > 0 so that for each W € Oj, there is an expansive tuple for W with 6 = 6;. By
letting s9 = min; 6; we conclude that for every W € Gr(n, r), there is an expansive tuple for W with
0 > sg. In other words, for every W, there exist i € [d] and V < W with dim(V) > ur/d so that
U:vnWw = {0} forall 0 < s < sp. This implies that dim(W + U*(W)) — dim(W) > ur/d for all W.
In other words, we see that u(U*) > u/d forall 0 < s < s, as claimed. O

To summarize, we have proven that given any dimension expander U = (Uy, ..., Uy) € U(n)?,
two things are simultaneously true. On the one hand, all sufficiently small powers U°® remain
dimension expanders. On the other hand, as s — 0, the tuple U® converges to the identity tuple,
and thus a sufficiently small power is an arbitrarily bad quantum expander. It is natural to hope
that one can reverse this process, namely, that by taking a large exponent s, we can convert any
dimension expander into one that is also a quantum expander. Sadly, this is also not true, as shown
by the following simple counterexample.

Proposition 2.7. There exists a dimension expander U € U(n)? such that for any s > 0, U® is not a quantum
expander.

More precisely, there exists an absolute constant u > 0 such that the following holds for all ¢ > 0 and all
sufficiently large n. There exists a (n,100, u)-dimension expander U = (Uy, . .., Uyo) € U(n)'% such that
forall s > 0, we have A(U°) < e.

Proof sketch. Fix some ¢ > 0. Letey, ..., e, be the standard basis of C". Let E. C U(n) denote the set
of n X n unitary matrices M with the property that for all j € [n], we have |(mj, e]->| > 1— ¢, where
m;j is the jth column of M. Then E. is a non-empty open subset of U(n), which means that we
can sample according to the induced Haar measure on E,. Let My, ..., Mioo be 100 independently
random samples from this measure. Additionally, let Dy, ..., D1go be independent random diagonal
matrices whose diagonal entries are drawn uniformly at random from the unit circle. Finally, let
U; = M;D;M;, so that each U; is a random unitary matrix whose eigenvectors are the columns
of M; and whose eigenvalues are the diagonal entries of D;. Note that for any s > 0, we have
U: = M;D;M;, and Dy is a diagonal matrix whose diagonal entries are the sth powers of the
diagonal entries of D;.

It is well-known that 100 random unitary matrices form a (1, 100, p1)-dimension expander for
some fixed y > 0 when n is large [12]. For the same reason, it is straightforward to check that
U= (Uy,...,Ujp) forms an (1,100, u)-dimension expander for some fixed u > 0. The point is that
while Uy, ..., Uy are not uniformly random unitary matrices, they are generic in an appropriate
sense, which suffices for them to form a dimension expander. However, we claim that for any s > 0,
we have A(U?) < 10¢. Since ¢ was arbitrary, this yields an example of a dimension expander none
of whose powers is a quantum expander.

To see this, we first observe that by the definition of E,, the (1, 1) entry of M; has absolute value
at least 1 — ¢, and the first row of M; is a unit vector. Since D? is a diagonal matrix whose diagonal
entries have absolute value 1, this implies that both lee1 and Dl.sM;fel are unit vectors whose first
coordinate has norm atleast 1 — ¢. Let v, w € C"~1 be the last n — 1 coordinates of M;fel and DfM;feL

respectively, so that ||v||L,, [wl]l, < V1-(1—-¢)? < V2¢. The Cauchy-Schwarz inequality then
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gives (v, w)| < 2¢, which implies
[(e1, USer)| = [(er, MiDi M}er)| = |[(M}er, DiMier)| = (1 - &)* = [{v, w)| > 1 —4e.

Let P = eqe] be the projection on to the subspace spanned by e;. Then the entry of U7 P(U?)" in the
(1,1) position is

* * * * * 2
e (U P(UE)) er = (ejUSer)(e;(Us) er) = |(er, Uer)|” > 1 - 8e.

LetX =P - %In, so that X is a traceless matrix with S;-norm 1 — O(%). The computation above
implies that the (1, 1) entry of U7 X(U?)" is at least 1 — 8¢ — % As this holds for all i, we conclude that

it also holds for @ys (X), which in turn implies that ||®ys(X)||s, > 1 — 8¢ — % As || X]|ls, 21— O(%),
we conclude that A(U*) < 10¢ for all sufficiently large n. ]

2.1 Dimension expansion and Kazhdan’s property T

Theorem 1.8 can be used to resolve in the negative a question of Lubotzky—Zelmanov [29] and
Dvir-Shpilka [12] about the relation between dimension expansion and Kazhdan’s property T. As
this question is somewhat removed from the main topic of the paper, we will keep our discussion
brief; we refer to [12, 29] and the book [28] for more thorough introductions. Let I' be a group
generated by a finite set S, and let p : I' — U(n) be a unitary representation of I'. The Kazhdan
constant of (I', S, p) is defined to be

U—0
0#veC" ges ||ZJ||L2

The Kazhdan constant of (T, S) is defined to be x{ := inf, x2(p) > 0, where the infimum is over all
unitary representations p with no non-zero invariant vector. The pair (I, S) is said to have property
Tif 7 > 0.

We remark that if I is finite, then K? is closely related to the spectral expansion of the Cayley
graph Cay(I', S) (see, e.g., [31] for details). Moreover, many standard constructions of graph
expanders are based on Cayley graphs of (finite quotients of) groups with property T.

Associated to the representation p is another representation, called the adjoint representation,
and denoted adj p, which is defined as follows. Let M(n, C)o denote the set of matrices in M(n, C)
with trace 0. For every g € I' and X € M(n, C)y, we define (adj p)(9)X = p(g)Xp(g)*. It is not hard
to check that adjp : T — U(M(n, C)p) is another unitary representation if we endow M(n, C)y with
the standard inner product. Additionally, by Schur’s lemma, adj p has no non-zero invariant vector
if p is irreducible.

If |S| = d, then a unitary representation p naturally yields a unitary matrix tuple B, := (p(s))ses €
U(n)?. Lubotzky and Zelmanov [29] proved that if (T, S) has property T, then all such tuples are
dimension expanders; more precisely, they proved that u(B,) is lower-bounded in terms of K?(adj ).
In particular, if (T, S) has property T, then k£ (adj p) > «3, hence u(B,) is bounded away from zero
for all irreducible p.

Lubotzky—Zelmanov [29, Remark/Question 2.5] and Dvir-Shpilka [12, Question 1] asked
whether a converse to this statement holds.

Question 2.8 ([29, Remark/Question 2.5], [12, Question 1]). Let I' be a group generated by a finite set S.
If p : T — U(n) is a unitary representation such that B, is a dimension expander, then is it true that x3(p)
and 13 (adj p) are bounded away from zero?
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More precisely, Lubotzky—Zelmanov asked about «3(adj p), and Dvir-Shpilka asked about «3(p);
Dvir and Shpilka also imposed the extra condition that p is irreducible. The following result, a
simple consequence of Theorem 2.1, answers both questions in the negative.

Theorem 2.9. There exist absolute constants p1 > 0,d € N such that the following holds for all € > 0. There
exists a group T, generated by a set S with |S| = d, and an irreducible unitary representation p : I — U(n)
such that u(B,) > p but Kls_(p), K?(adj p) < &.

Proof. LetI'g be some group with a generating set Sp such that (I'g, Sp) has property T. For example,
110

we can take I'g = SL3(Z) and Sy = {[8 1 (l)] , [((1; § é” (see [29, Example 3.I]). Let d = |Sg|. As
discussed above, there is an absolute constant g > 0, depending only on K?g, such that u(Bp,) > o
for all irreducible unitary representations pg : o — U(n).

Let u = ug/d > 0. By Theorem 2.1, there exists some sy > 0 such that, for every s € (0, s¢), we
have that y(B;O) > u. Moreover, by picking s sufficiently small, we can ensure that ||, — U||s, < /2
forall U € B, as in (2.3). Finally, by potentially decreasing s further, we may assume that s = 1/k
for some integer k.

Now, let I be the subgroup of U(n) generated by the matrices in the d-tuple B, , and call this
generating set S. Note that for every g € Sy, we have that py(g)° € T, hence po(g) = (po(9)°)* € T as
well.

As T is defined as a subgroup of U(n), we have a natural inclusion map p : I' — U(n). We claim
that the representation p is irreducible. Indeed, suppose that V < C" is a non-trivial p-invariant
subspace. Since po(g) € T for all g € Sy, this implies that po(g) fixes V for all g € Sp. But as S
generates I, this in turn implies that V' is a pp-invariant subspace, which is a contradiction as we
assumed that pg was irreducible.

Let B, = (p(9))ges = B,,- By construction, we have that u(By) = y(BZO) > p. The fact that each
element of S is ¢/2-close to I, in Schatten-2 norm, and thus in operator norm, immediately implies
that Kls-(p) < &. Moreover, by essentially the same computation as in (2.8), we see that K?(adj p) <&
as well. m]

3 Relations between linear-algebraic notions of expansion

In this section, we prove Theorem 1.9. Theorem 1.9(2) was proved by Hastings [22, Appendix A]
and Temme et al. [34, Lemma 20], so it remains to prove Theorems 1.9(1), 1.9(3) and 1.9(4).

We begin with Theorem 1.9(1). As remarked in the introduction, the result actually holds for
arbitrary matrix tuples over arbitrary fields, as stated in the following result.

Proposition 3.1. For B := (By,...,B;) € M(n,F)?, it holds that @ < hp(B) < u(B).

Proof. We first show that p(B) < d - hp(B). For any B € M(n, F)4, let B’ = (B,I,) € M(n, F)**1.
From the definitions, it is clear that u(B’) = u(B) and hp(B’) = %hD(B). We shall prove that
u(B) < (d +1lp(B).

Fix some V < F" of dimension 1 < r < n/2and let T € M(n X r, [F) be a matrix whose columns
form a basis of V. Let R € M((n — r) X n, F) be a matrix whose rows form a basis of V+, as defined
in Remark 1.7. Let B;|y- v = RB;T € M((n—r)Xxr,[F) foreach i € [d]. Note that we have rank(T) = r
and rank(R) = n —r.

Let t = dim(V + B’(V)), and notice that t = dim(B’(V)) since By41 = I,. We have that
t>(1+uB)) dim(V)=(1+u(B))-r. Let W € M(n x t,F) be a matrix whose columns form a
basis of B/(V).
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Then we have rank(RW) = dim(B’(V')) — dim(ker(R) " B’(V)) >t —r > u(B’) - r and

d+1 d+1
Z rank(B;|yL y) = Z dim(colspan(B;|v+,v))
i=1 i=1
> dim({Uje[g+1] colspan(RB;T)))
= dim(R(Uje[4+1] colspan(B;T))) (3.1)
= rank(RW)
> uB)-r,

where (3.1) holds since R has full row rank and (3.2) holds since (U;¢[4+1] colspan(B;T)) = B'(V).
Ranging over all subspaces V < F" of dimension at most 1 /2, we find that u(B’) < (d + 1)hp(B’),
and u(B) < d - hp(B) follows.

Now we show that hp(B) < u(B). Fix some V < " of dimension 1 < r < n/2,let T,R be as
above, and note that V = ker(R). Let W be a matrix whose columns are a basis of B(V). We have
that

d - hp(B) - dim(V) < Z rank(Bi|y . v)
i=1

d
= Z dim(colspan(RB;T))

< d - dim(Uj¢pq) colspan(RB;T)) [since }jcqdim(W;) < d - dim(Ujeq)Wi)]
= d - dim(R(Uj¢[4) colspan(B;T))) [since R has full row rank]
=d - rank(RW) [since Ujepq) colspan(B;T) = B(V)]
=d - (dim(B(V)) — dim(B(V) N ker(R)) [since B(V') = colspan(W)]

d - (dim(B(V)) — dim(V N B(V))) [since V' = ker(R)]

= d - (dim(V + B(V)) - dim(V)).

This implies that dim(V + B(V)) — dim(V') > hp(B) - dim(V'). Ranging over all subspace V < F" of
dimension at most 1 /2, we conclude that hp(B) < u(B). O

We now turn to Theorems 1.9(3) and 1.9(4), which lower-bound the dimension edge expansion
in terms of the quantum edge expansion. As explained in the introduction, it is this inequality
which allows us to prove that quantum expanders are dimension expanders.

In order to prove Theorems 1.9(3) and 1.9(4), we will use the following equivalent formulation
of quantum edge expansion.

Lemma 3.2. For any doubly stochastic matrix tuple B = (By, ..., Bg) € M(n, C)?, we have

_ Z?:1||Bi|VL,V”§2
ho®) = min  — ey (33)
1<dim(V)<2

Proof. Fix some subspace V < C" of dimension 1 < r < n/2. Let Ty be an n X r matrix whose
columns form an orthonormal basis of V. Then the orthogonal projection Py onto the subspace V'
satisfies Py = Ty T},. Let V+ be the orthogonal complement of V, and Ty+ be an n X (n — r) matrix
whose columns form an orthonormal basis of V*. Then Py. =1, — Py = Ty. T
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We then have
(In = Py, ®(Py)) = Tr((I, — Py)'®(Pv))

d
1
=~ Z Tr (Ty- Ty, BTy T, B)

Tr (T, BiTyT;, B, Ty-)

Ul -

1T BTy 12,

1
= Zan,vnéz.

i=1

S..I»—\

. ||M:~ ||'Ma. 1l
—_ —_ —_

This implies that the objective functions in (3.3) and (1.4) are identical. The feasible regions are also
the same, which concludes the proof. O

We are now ready to prove Theorems 1.9(3) and 1.9(4).

Proof of Theorems 1.9(3) and 1.9(4). Fix a doubly stochastic matrix tuple B = (By, ..., B;s) € M(n, C)~.
By (3.3) and (1.6), we wish to prove that

. Z?:1||Bi|w,v||§2 g Z?zl rank(B;|y+ 1)
v<C" d-dim(V) ~ v<C" d - dim(V)
1<dim(V)<% 1<dim(V)<%

So it suffices to prove that ”BilVL’V”éz < d - rank(B;|y+,y) for any subspace V < C" and all i € [d].
We first claim that the operator norm of B;|y. vy = T,,. BiTy is at most Vd. Indeed, recall that
Z?:l BB = dl,, sodl, — B:Bi is positive semidefinite for any i € [d]. Thus, the operator norm of
B; is upper bounded by Vd for each i € [d]. Moreover, the operator norm of any isometry is at
most 1, thus || Ty ||s., |Tv||s. < 1. Using the submultiplicativity of the operator norm, we have
ITy.BiTy lls., < Vd.

Recall that ||Bi|v+ v ||§2 = ||IT;.BiTy ||§2 is the sum of the squares of the singular values of T;;, BiTy .
As there are precisely rank(T‘;iB iTy) non-zero singular values, and each one is upper-bounded by
1T BiTv|ls. < Vd, we conclude that

IBilve,vl5, < rank(T;,. BiTv)||T;. BTy |3 < d - rank(Bi|v=,v),
2 0

as claimed. This proves Theorem 1.9(3).

In order to prove Theorem 1.9(4), note that if B; is a unitary matrix, then ||B;||s., = 1. This implies
that || T}, B; TV||2 < 1, so the argument above shows that ||B;|y -, V||2 < rank(B;|y: ), which yields
Theorem 1.9(4). ]

4 Connections between graphs and matrix spaces

In this section, we study the graphical matrix tuple B; associated to a d-regular graph G. We begin
by proving that 1(Bg) is in general different from /(G), as stated in Proposition 1.14.
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Proof of Proposition 1.14. Recall that K; is the graph with two vertices connected by an edge. We
certainly have that /1(K;) = 1. Note that Bk, = ([8 ‘(/)5] , [\%8]).

Consider the subspace V < C? spanned by the vector (é, %). The orthogonal projection onto

V is given by the matrix Py = % % H, and

S L B [

Therefore,

+

NI—=NI—

NI—=N—=

1
2
1
2

NI= O
e—

v ol

L _11"11 1
(I — Py, @py, (Py)) = Tr ([ % 12] [(2) 1] =5
2

2

2

Hence, as hg(Bk,) is defined as a minimum over all one-dimensional subspaces, we find that
hq(Bk,) < (I — Py, Py, (Pv)) = 1, as claimed. m|

Remark 4.1. It is not hard to show that in fact, hg(Bg,) = % More generally, one can show that
ho(Bk,) < %, which is smaller than h(K}) for all n > 2.

We now turn to the proof of Theorem 1.13. As the proofs that ip(Bg) = h(G) and u(Bg) = u(G)
are disjoint, we separate the Theorem 1.13 into two statements, Propositions 4.2 and 4.4. Note that
Theorem 1.13 holds over any field, so we will work with [ instead of C in the rest of this section.

Proposition 4.2. For any d-regular graph G = ([n], E), we have hp(Bg) = h(G).

Proof. For v € F", denote by supp(v) C [n] the set of indices of the non-zero coordinates of v. For
V < F", we let supp(V) = Uyev supp(v). Define V* as in Remark 1.7. Now we claim the following.

Claim 4.3. We have that

rank(Eqly.v) = {1 ifie sgpp(VL) and j € supp(V)
0 otherwise.
Proof. Suppose dim(V) = r and dim(V+) = n —r. Let Ty be an n X r matrix and Ty+ an n X (n — 1))
matrix whose columns form a basis of V and of V+, respectively. Denote by v1,...,v, € F" and
vy, ..., 0, € F"7 the vectors corresponding to the rows of Ty and Ty, respectively. Then for any
i,j €nl,
Eijlvey =Ty, Ei Ty = 0[]

Note that rank(E; j|y+,v) = 1if and only if E; j|y+ v # 0 (and otherwise rank(E; ;|v+,) = 0). This,

in turn, happens if and only if v/ # 0 and v; # 0, which is equivalent to i € supp(V+) and
j € supp(V). o

For any fixed V < F" of dimension 1 < r < n/2, we shall construct a vertex subset W C [n] of
size r such that

> rank(Eq jlysv) = [9W],
{i,j}€E
where here and throughout the sum is over all ordered pairs of vertices which are adjacent in G. We

use the same notation of Ty and Ty: asin Claim 4.3. Let T = [Tv TVJ_] € M(n, F). We can extend
any basis of P(V) with (n — r) linearly independent vectors to span F". Specifically, the full basis
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can be represented as an invertible matrix M € GL(n, F) of which the first r columns form PTy.
Now break M into blocks:

Cc D

where A € M(r,F), Be M(rx(n—r),F),C e M((n —r)xr,F)and D € M(n — r,F). Note that
PTy = [‘é ] It follows that A is invertible. Similarly, break M ~1 into blocks:

A" B
-1 _
M - [C’ D/:| ’

=2 5],

where A’ e M(r,F), B e M(r x (n—r),F),C" e M((n —r)xr,F)and D’ € M(n — r,F). Since D’ is
the Schur complement of A, D’ is also invertible. Note that

[C" D'|PTy = [C’" D] [‘é] =0.

Since rank( [C’ D’] P) = n —r, it follows that the rows of [C’ D’] P form a basis of V+. So we let

Ty. = ([C’ D’|P) =P~} [gj] and thus,

rt
T =Ty TVL]:P*[A c ]

C D/t

Let W = {P71(i): i € [r]}. Then W C supp(V) and [n]\ W = {P71(i): i € [n]\ [r]} C supp(V*).
By Claim 4.3, rank(E; j|y+,v) = 1 if and only if i € supp(V*) and j € supp(V). On the other hand,
OW={{i,j} €eE: ieW, je[n]\ W} Thus Z{i,]-}eE rank(E; j|y+v) > |[dW].
In short, for every subspace V < " of dimension 1 < r < n/2, we can find a set W of r vertices
such that
2 (i jyee Tank(Eq jlv. v) _ low]
d - dim(V) —dW|’

Ranging over all subspace V of dimension at most n/2 implies that hp(Bg) > h(G). The reverse
inequality h(Bg) < h(G) follows by simply choosing V to be the coordinate subspace (e;)icw, for
which it is clear that }; iep rank(E; jlv1 v) = [W]. m]

(4.1)

We now turn to vertex and dimension expansion. The following proof is based on the ideas of
[12,13]:

Proposition 4.4. For any d-regular graph G = ([n], E), we have u(Bg) = u(G).

Proof. We first show that u(Bg) > p(G). For a non-zero vector v € ", denote by n(v) € [n] the
largest index of a non-zero coordinate of v. Similarly, let (V) = {n(v) | v € V' \ {0}}. For a set
S C[n]andi,j € [n], we define f; j(S) = {i} if j € S and f; ;(S) = @ otherwise. For any V < F", we
claim that

n(E;;j(V)) 2 fi,j(n(V)), (4.2)

where equality holds if V' is a coordinate subspace. To see this, it suffices to consider the following
two cases:

e If there exists v € V such that the jth coordinate of v is non-zero, then E; ;(V) = (e;), which
implies 71(E; ;(V)) = {i} 2 fi j(n(V)). Moreover, if V is a coordinate subspace, we can also
conclude that ¢; € V and thus j € n(V), which implies that 7(E; ;(V)) = {i} = f; j(r(V)).
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o If there doesn’t exist v € V such that the jth coordinate of v is non-zero, then E; ;(V) = {0}
and j ¢ n(V), which implies n(E; j(V)) = @ and f; j(n(V)) = @.

Furthermore, for any Vi, V> < F", we have that
7'((V1 + Vz) 2 7'((V1) U 7'((V2), (43)

where equality holds if V1 and V; are coordinate subspaces or if one of them only consists of the
zero vector. Thus, for any subspace V' < F" of dimension < 1/2, we see that

\%

= n(V)Un( > Ei,j(V))

{i,j}eE

[t(V +Bg(V))| 2 (V) Un(Bs(V))] [by (4.3)]

= n<v>u( U n(Ei,j(v») [by (4.3) and E; (V) = (e;) or {0}]

{i,j}eE

\%

(V) u( U ﬂ,j(n<v>>) [by (42)].

{i,j}eE

Observe that |1t(V)| = dim(V') < n/2, as we can always find a basis of V with distinct last non-zero
coordinates. Additionally, for each vertex j € 7(V), we have that U; jjce fi j(j) is the set of neighbors
of j in G. It follows that

(V) U ( U fi,j(n(V))) = (V) U Gour(n(V).
{ij}eE

Therefore, by the definition of vertex expansion,

[(V +Bg(V))| = |(V) U( U fz',j(n(V))) = (V) U (Qout (V)] 2 (1 + p(G)) - (V).

{i,j}eE

Therefore, we conclude that

JBo)=  min dim(V + Bg(V)) — dim(V)

V<F" dim(V)
1<dim(V)<n /2

> u(G).

The reverse inequality follows by picking V to be a coordinate subspace, which turns all the
inequalities above into equalities. m]

Remark 4.5. The proof of Proposition 4.4 actually works for any graph, and Proposition 4.2 also
holds for any graph after removing the d-normalization from the definitions of edge expansion and
dimension edge expansion.
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5 Conclusion and open problems

Recall (3.3), which states that quantum edge expansion of a doubly stochastic matrix tuple can be
equivalently defined in terms of the Schatten-2 norm, namely,

ho(B)=  min Z?:1||Bi|VL,V”§2

V<C" d - dim(V)
1<dim(V)<%

Given this formulation, the following definition is natural.

Definition 5.1. Given p € [1, 0) and a doubly stochastic matrix tuple B = (By, ..., B;y) € M(n, C),
the Schatten-p edge expansion of B is defined as

o ~ ZLlBilvayllg
5(B) = min d-dim(V)
1<dim(V)<%
The proof of Theorem 1.9(3) immediately shows that for any doubly stochastic matrix tuple
B € M(n,C)? and for any p € [1, ), we have

hs,(B) < d* - hp(B).
In case B is a unitary matrix tuple, we have the stronger inequality
hs,(B) < hp(B).

Indeed, to prove both of these, we simply recall that ||B;|v: v ||’;p is the sum of the pth powers of the

singular values of B;|y. v. There are rank(B;|y ) non-zero singular values, and each of them is
upper-bounded by the operator norm of B;|y: y. This operator norm, in turn, is upper-bounded by
Vd, and by 1 in case B; is unitary.

Therefore, for any p € [1, ), Schatten-p edge expansion implies dimension edge expansion,
and thus dimension expansion. On the other hand, one can modify the proof of Theorem 1.8 to
show that the converse does not hold for any p € [1, ). Indeed, if U € U(n)? is a unitary matrix
tuple, then it is easy to see that hg,(U*) — 0 as s — 0, since the tuple U® converges to the identity
tuple (I, ...,I,) as s — 0. However, Theorem 2.1 states that u(U*) > u(U)/d for all sufficiently
small s, and thus hp(U?) stays bounded away from zero as s — 0.

Given this, it is very natural to ask whether the notions of Schatten-p edge expansion are all
equivalent.

Open Question 5.2. Fixp, g € [1,00)and d € N. Do there exist increasing functions f, g : R>o = Ryxg
such that

f(hs,(B)) < hs,(B) < g(hs,(B))
holds for all doubly stochastic matrix tuples B € M(n, C)*?

If the answer is positive, this could be viewed as a linear-algebraic analogue of a theorem of
Matousek [30], who proved that a certain L, notion of graph expansion is equivalent to spectral
expansion (i. e., the L, notion) for all p € [1, o).
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